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I NTRODUCT I ON 
This monograph w a s  w r i t t e n  f o r  two reasons.  One, i t  w a s  f e l t  
t h a t  workers i n  magnetobiology would welcome a compilation of material 
which a t  p r e s e n t  i s  s c a t t e r e d  widely and sometimes d i f f i c u l t  t o  o b t a i n .  
And two, t h a t  i t  would encourage o r  a t  least  b e  h e l p f u l  t o  those who 
wish t o  become involved i n  t h e  i n t r i c a c i e s  of magnetobiology. It i s  n o t  
a t e x t  on biology and, i n  f a c t ,  mentions l i t t l e  about t h e  b i o l o g i c a l  
e f f e c t s  of magnetic f i e l d s .  
t e r e d ,  bu t  can  be found r a t h e r  r e a d i l y  and several b i b l i o g r a p h i e s  e x i s t .  
This  work w i l l  a t tempt  t o  p re sen t  a good d e a l  about magnetic f i e l d s  ( o r  
l a c k  of them) necessary t o  perform experiments i n  magnetobiology, o r  t o  
provide a b a s i s  necessa ry  t o  i n t e r p r e t  those which have been done and 
reported.  
This  material i s  a l s o  voluminous and scat- 
Frankly,  i t  i s  a b i t  uneven i n  i t s  t r ea tmen t  of t h e  v a r i o u s  
a s p e c t s  of magnetism. This  has happened f o r  several reasons.  F i r s t ,  i t  
i s  expected t h a t  t hose  who w i l l  u se  t h e  monograph w i l l  r ep resen t  a wide 
range of s o p h i s t i c a t i o n  and experience,  hence i t  i s  hoped both t h e  
beginner  and the  advanced u s e r  w i l l  f i n d  something use fu l .  Second, 
some a s p e c t s  r e q u i r e d  a deeper d i scuss ion  than  o t h e r s  i n  o rde r  t o  r each  
a u s e f u l  p o i n t .  Th i rd ly ,  more material w a s  a v a i l a b l e  f o r  some t o p i c s  
than  f o r  o t h e r s .  And l a s t l y ,  t h e  p a r t i c u l a r  i n t e r e s t s  of t h e  au tho r ,  
i t  must be admit ted,  b i a s e d  t h e  depth of t reatment .  It was not  meant 
t o  be  a t e x t  b u t  r a t h e r  a combination of i n t r o d u c t i o n ,  guide,  r e f e r e n c e  
and handbook. 
It i s  suggested t h a t  i t  n o t  be r ead  through from beginning t o  
end, b u t  r a t h e r  used as needed. I f  t h e  equa t ions  g e t  s t i c k y  i n  some 
p a r t s  s k i p  them and see what happens when they  are used without  under- 
s t and ing  them p r e c i s e l y .  Some c a l c u l a t i o n s  have been recorded i n  g r e a t  
d e t a i l  because i n  o rde r  t o  be u s e f u l  w e  have t o  end up wi th  a number 
- 1 -  
which w e  can apply t o  real  l i f e .  I t  i s  be l i eved  t h a t  conc re t e  examples 
are t h e  b e s t  way t o  b r i d g e  t h e  gap from theory t o  p r a c t i c e  and conc re t e  
examples are thus given. For those  who wish t o  go f u r t h e r  and branch 
out  i n  t h i s  f i e l d ,  s u f f i c i e n t  r e f e r e n c e s  have been given t o  g e t  on to  t h e  
main branches of t he  r e f e r e n c e  trees and from t h e r e  t o  t h e  f i n e  twigs.  
No claim is  made of exhaus t ive  t reatment  OF r e f e r e n c e s  i n  t h i s  work. 
Ne i the r  is o r i g i n a l l y  claimed. Rather i t  is  hoped a s e r v i c e  has  been 
performed and a need m e t  i n  b r ing ing  t o g e t h e r  a wide d i v e r s i t y  of ma- 
t e r i a l  and exp la in ing  i t  s u f f i c i e n t l y  t o  a l low it t o  be p u t  t o  immediate 
and p r a c t i c a l  use.  
R. J. Gibson August 1969 
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CHAPTER 1 
GENERAL DISCUSSION OF MAGNETISM 
Magnetism has been known t o  man f o r  ove r  2000 y e a r s  and t h e  
lodes tone  which a t t r a c t e d  i r o n  was desc r ibed  by L u c r e t i u s  who d ied  i n  
55 B.C. 
comes t o  p a s s  t h a t  i r o n  can be a t t r a c t e d  by t h a t  s t o n e  which t h e  Greeks 
ca l l  t h e  Magnet (Magnes Lopis) from t h e  name of i t s  n a t i v e  p l a c e  -- t h e  
country of t h e  Magnesians. 
n a t u r a l  magnets, t h e  lodestone,  are a v a r i e t y  of n a t u r a l l y  occur r ing  
i r o n  oxide,  magnet i te  (Fe 0 ), The Chinese had by 1 2 1  A.D. l ea rned  
t h a t  an i r o n  rod magnetized by a p i e c e  of l odes tone  and hung on a th read  
would a l i g n  i t s e l f  approximately w i t h  t h e  e a r t h ' s  north-south d i r e c t i o n .  
L i t t l e  p rog res s  w a s  made i n  t h e  s tudy  of t h i s  phenomena u n t i l  1600 when 
W i l l i a m  G i l b e r t  publ ished h i s  treatise De Magnete. Among o t h e r  i n t e r e s t -  
i n g  experiments he r e p o r t s  on i n c r e a s i n g  t h e  ho ld ing  power of a lode- 
s t o n e  by a f a c t o r  of f i v e  by p rov id ing  i t  w i t h  p o l e  p i eces .  It was n o t  
u n t i l  1820, however, t h a t  t he  connection between e lec t r ic  c u r r e n t  and 
H e  s a i d  "--I w i l l  proceed t o  d i s c u s s  by what l a w  of n a t u r e  i t  
Th i s  s t o n e  men wonder at--" ( l ) .  These 
* 
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magnetism w a s  discovered by Hans C h r i s t i a n  Oersted.  Immediately there-  
a f t e r  g r e a t  p rog res s  i n  theory and a p p l i c a t i o n  w a s  made. 
whose names are now preserved i n  the names of va r ious  e l e c t r i c  and mag- 
n e t i c  u n i t s  i n v e s t i g a t e d  and c o n t r i b u t e d  t o  t h e  knowledge about magnetism. 
Among t h e s e  names bes ides  G i l b e r t  and Oersted w e  f i n d  Michael Faraday, 
Joseph Henry, H. F. E. Lenz, Madame and P i e r r e  Curie ,  Andre' Ampere'  
and l a t e r  James Clark Maxwell. They showed and p u t  on a q u a n t i t a t i v e  
b a s i s  t h a t  one, magnetic e f f e c t s  would be produced by moving electric 
charges and two, e l e c t r i c  charges would b e  induced t o  move by moving 
Many men 
magnets o r  moving magnetic f i e l d s  and hence moving charges e x e r t  f o r c e s  
on one another  e n t i r e l y  independent of t he  usual e l e c t r i s t a t i c  f o r c e s .  
We can say ,  as a d e f i n i t i o n  of a magnetic f i e l d ,  t h a t  i f  a conductor 
*Some legends t e l l  of a crude Chinese compass i n  use around 2700 B.C. 
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c a r r y i n g  a c u r r e n t  expe r i ences  a "magnetic" f o r c e  then a magnetic f i e l d  
i s  s a i d  t o  e x i s t  i n  t h e  r eg ion  of t h a t  conductor.  Another way of say- 
i n g  t h i s  i s :  a magnetic f i e l d  i s  s a i d  t o  ex is t  a t  a p o i n t  i f  a f o r c e ,  
i n  a d d i t i o n  t o  any e l e c t r o s t a t i c  f o r c e ,  i s  e x e r t e d  on a moving charge 
a t  t h a t  po in t .  This p u t s  t h e  phenomenon of a magnetic f i e l d  on a 
s imple and fundamental b a s i s .  These s t a t emen t s  i n  t h e  form of p h y s i c a l  
equa t ions  can b e  u t i l i z e d  t o  determine (al though sometimes w i t h  consid- 
e r a b l e  mathematical complicat ion)  both s t eady  and f l u c t u a t i n g  magnetic 
f i e l d s  i n  any r eg ion  due t o  c u r r e n t s  i n  any c o n f i g u r a t i o n  of conductors.  
F u r t h e r ,  i t  can be used t o  determine t h e  f o r c e s  and a c t i o n s  of charged 
moving par t ic les  i n  matter whether b i o l o g i c a l  o r  nonb io log ica l  t o  a 
degree l i m i t e d  only by our  a b i l i t y  t o  model s a t i s f a c t o r i l y  t h e s e  sys- 
t e m s  and t o  o b t a i n  s o l u t i o n s  t o  t h e  equat ions desc r ib ing  t h e s e  models. 
We w i l l  n o t  go i n t o  t h e  l a t te r  a s p e c t s  of t h i s  p a i r  of g e n e r a l  
problems t o  any degree. 
a s p e c t s  of gene ra t ing  magnetic f i e l d s  of t h e  d e s i r e d  c o n f i g u r a t i o n  f o r  
ca r ry ing  out experiments w i t h  b i o l o g i c a l  systems. 
Our a t t e n t i o n  w i l l  b e  focused on t h e  p r a c t i c a l  
, We w i l l  a t tempt  i n  t h i s  d i scuss ion  t o  wri te  for  t h e  b i o l o g i s t ,  
z o o l o g i s t ,  p r o t o z o l o g i s t ,  b o t a n i s t ,  chemist ,  e c o l o g i s t ,  space f l i g h t  
experimenter,  p h y s i o l o g i s t ,  b a c t e r i o l o g i s t ,  etc. I n  s h o r t ,  f o r  t hose  
l i f e  sc ien t i s t s  no t  now f a m i l i a r  w i t h  t h e  product ion and use of magnetic 
f i e l d s ,  b u t  who wish t o  u s e  them t o  perform experiments on l i v i n g  
s y s  t e m s .  
A t  p r e s e n t ,  a cons ide rab le  l i t e r a t u r e  has accumulated and is  
expanding on t h e  b i o l o g i c a l  e f f e c t s  of magnetic f i e l d s .  
have been r epor t ed  on t h e  change i n  growth rate of b a c t e r i a ,  protozoa,  
enzymes and seeds,  through t h e  o r i e n t a t i o n  of Paramecium, p l a n a r i a  and 
VoZvox and on up t o  t h e  s c o p t i c  f l i c k e r  f u s i o n  ra te  change i n  man as a 
f u n c t i o n  of t h e  s t r e n g t h  o r  space r a t e  of change of t h e  magnetic f i e l d .  
And t h e s e  are only a few of t h e  many and d i v e r s e  experiments ranging 
over t he  whole f i e l d  of biology and physiology which have been reported.  
They are mentioned t o  g i v e  some i d e a  of t h e  d i v e r s i t y  which, i n  p a r t ,  
l e a d s  t o  t h e  complexity of t h e  f i e l d  of biomagnetics o r  magnetobiology. 
Experiments 
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Good experiments i n  biomagnetics are no t  easy t o  do and much less easy 
t o  i n t e r p r e t .  Many experiments have been r a t h e r  c a r e l e s s l y  done o r  a t  
least  poorly descr ibed.  However, i t  i s  no t  o u r  purpose h e r e  t o  c r i t i -  
c i z e ,  b u t  r a t h e r  t o  make a v a i l a b l e  a body of information t h a t  w i l l  h e l p  
t h e  l i f e  s c i e n t i s t  t o  set  up and perform and r e p o r t  a biomagnetics ex- 
periment b e t t e r  and more e a s i l y ,  n o t  from t h e  s t andpo in t  of biology b u t  
from t h e  s t a n d p o i n t  of t h e  p h y s i c a l  magnetic f i e l d  used i n  h i s  experiment. 
Hopefully,  we w i l l  i n t r o d u c e  t h e  proper  terminology, make 
clear t h e  "un i t s " ,  s i m p l i f y  the  des ign  procedures and suggest means of 
g e t t i n g  what is  wanted i n  t h e  way of apparatus .  Fu r the r ,  w e  hope t h a t  
' a  b e t t e r  understanding of what a magnetic f i e l d  is ,  what i t  can do and 
how i t  does i t  w i l l  occur  as a r e s u l t  of t h e  use  of t h i s  work. We w i l l  
no t  a t t e m p t  t o  make the  l i f e  s c i e n t i s t  an e v e r t  i n  magnetics,  t h e r e  are 
very few i n  t h e  p h y s i c a l  s c i ences .  W e  w i l l  t r y  t o  provide a good num- 
b e r  of "cookbook" design procedures wi th  s u f f i c i e n t  b a s i c  theory t o  
f u l f i l l  t h e  requirements of many biomagnetics experimenters.  There i s  
a l a r g e  gap between t h e  s i m p l e  theory i n  elementary physics  t e x t s  and 
t h a t  found i n  advanced t e x t s  on e l e c t r i c i t y  and magnetism. The one 
simply does n o t  t e l l  enough and t h e  o t h e r  r e q u i r e s  some r a t h e r  sophis- 
t i c a t e d  d e r i v a t i o n s  s t a r t i n g  from t h e  most gene ra l  t h e o r i e s  given. 
Ne i the r  u s u a l l y  has  much t o  say about  p r a c t i c a l  design of c o i l s  and 
f i e l d s .  It is i n  t h i s  immediate area t h a t  w e  hope t h i s  e x p o s i t i o n  w i l l  
be u s e f u l .  
The s p e c i f i c  material which t h i s  monograph w i l l  t r y  t o  cover 
w i l l  be  d iv ided  i n t o  t h r e e  main c a t e g o r i e s .  
fundamentals of magnetism, t he  second, t h e  design of physical apparatus 
f o r  producing magnetic f i e l d s  (and removing them) of t h e  d e s i r e d  s i z e ,  
shape and uniformity and t h e  t h i r d ,  on h023 t o  measure these f i e l d s  
once they have been produced. 
ment t hese  t h r e e  b a s i c  areas. 
The f i r s t  w i l l  b e . t h e  
The remaining material w i l l  be t o  supple- 
The requirements of l i f e  s c i e n t i s t s  f o r  a magnetic f l u x  den- 
-4  s i t y  ranging from "zero" (or  as s m a l l  as p o s s i b l e )  s ay  1 0  
weber/sqm) t o  100,000 gauss (10 weber/sqm) is  a very wide range which 
gauss 
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is  no t  simply handled by any one procedure f o r  producing such f l u  den- 
sities. This  problem is f u r t h e r  complicated by t h e  f a c t  t h a t  t h e  volume 
i n  which t h i s  f l u x  d e n s i t y  may be r equ i r ed  may range from a few cub ic  
m i l l i m e t e r s  t o  a few cub ic  meters. For tuna te ly ,  t he  h i g h e s t  f l u x e s  are 
no t  always needed i n  t h e  l a r g e s t  volumes, c e r t a i n l y  they cannot be ob- 
t a i n e d  e a s i l y .  (See Busby(2) f o r  a good l i s t i n g  of h igh  magnetic f i e l d  
experiments.)  I n  t h i s  paper w e  w i l l  n o t  a t tempt  t o  cover e i t h e r  t h e  
very s m a l l e s t  o r  t h e  ve ry  l a r g e s t  f i e l d s .  These are b e s t  l e f t  t o  t h e  
s p e c i a l i s t  i n  s h i e l d i n g  o r  magnetic machinery, b u t  r a t h e r  t o  provide 
an understanding of t h e  in t e rmed ia t e  f l u x  d e n s i t i e s  from s a y  .005 gauss 
. (5 x webers/sq meter) t o  say 1000 gauss (0.1 webers/sq meter) .  One 
r eason  f o r  t h i s  i s  given above, another  reason i s  t h a t  i t  i s  b e l i e v e d  by 
t h i s  writer t h a t  i n  t h i s  i n t e rmed ia t e  region t h e r e  i s  s t i l l  a v a s t  num- 
b e r  of experiments which can be performed, many of which w i l l  l e a d  t o  
u s e f u l  information.  There is no ques t ion  t h a t  b i o l o g i c a l  e f f e c t s  e x i s t .  
I n  extremely h igh  f l u x  d e n s i t i e s  many of t h e  observed e f f e c t s  can b e  
a t t r i b u t e d  simply t o  t h e  r e l a t i v e l y  l a r g e  p o t e n t i a l s  generated by t h e  
motion of-conduct ing material emi t t i ng  l i n e s  of f l u x .  A s  an example of 
2 t h i s  l e t  us suppose w e  have a f l u x  d e n s i t y  of 50,000 gauss (5 webers/m ) 
i n  which a s m a l l  animal is moving a t  a v e l o c i t y  of 2 cm/sec (0.02 m/sec) 
so  t h a t  a p o r t i o n  of i t s  body of say 5 cm l e n g t h  (0.05 m) i s  c u t t i n g  
t h e  f l u x  l i n e s  a t  r i g h t  angles .  The v o l t a g e  generated from end t o  end 
of t h i s  l eng th  would then be: 
E = Blv (mks) 
-3 = (5)(0.05).(0.02) = 5 x 10 
= 5 m i l l i v o l t s  
. v o l t s  
A v o l t a g e  of t h i s  magnitude i s  on t h e  same o r d e r  as many normally oc- 
c u r r i n g  b i o l o g i c a l  p o t e n t i a l s  and could be expected t o  have a very 
s i g n i f i c a n t  e f f e c t  on t h e  behavior of t h e  animal and i f  continued over 
a pe r iod  of t i m e  a s i g n i f i c a n t  l a s t i n g  phys io log ica l  e f f e c t .  Thus, 
some of t h e  e f f e c t s  due t o  high f l u x  d e n s i t i e s  can r e a d i l y  be explained,  
whereas some of t he  r epor t ed  e f f e c t s  on, f o r  example, t h e  r educ t ion  of 
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sodium i n f l u x  by some 20% i n  f r o g  s k i n  a t  f l u x  d e n s i t i e s  on t h e  o r d e r  
of 500 gauss (.05 webers/m ) cannot be explained by t h i s  mechanism. 
F u r t h e r ,  a number of i n t e r e s t i n g  e f f e c t s  have been r epor t ed  due t o  t h e  
r e d u c t i o n  of t h e  f l u x  d e n s i t y  by s e v e r a l  o r d e r s  of magnitude below t h a t  
of t h e  e a r t h ' s  normal f i e l d .  This  ques t ion ,  whether t he  removal of t h e  
normal e a r t h ' s  f i e l d  has a s i g n i f i c a n t  b i o l o g i c a l  e f f e c t ,  remains open 
t o  f u r t h e r  experimentat ion however. I n  f a c t ,  t h e r e  remains much t o  be 
done i n  t h e  f i e l d  of biomagnetics.  A t  p r e s e n t ,  many e f f e c t s  have been 
observed, bu t  very few exp lana t ions  f o r  t h e s e  e f f e c t s  have been f o r t h -  
coming. 
t h a t  they are a l l  t h e  r e s u l t  of an a p p l i e d  magnetic f i e l d .  Some e f -  
f e c t s  seem n o t  t o  be p r o p o r t i o n a l  t o  t h e  f i e l d  s t r e n g t h ,  o t h e r s  do, 
some p r o p o r t i o n a l  t o  t h e  space ra te  of change of t h e  f i e l d  s t r e n g t h ,  
o the r s .more  o r  less independent of t h a t  g r a d i e n t .  It seems impera t ive  
t h a t  c a r e f u l l y  thought out  and me t i cu lous ly  designed experiments should 
now be performed s p e c i f i c a l l y  aimed a t  r evea l ing  t h e  n a t u r e  and/or 
b a s i c  mechanism behind the  e x t e r n a l  e f f e c t .  
t h e r e  are probably s e v e r a l  b a s i c  mechanisms which account f o r  t h e  wide 
range of phenomena observed t o  date .  
2 
Most biomagnetic phenomena seem u n r e l a t e d  t o  each o t h e r  except  
This  w i l l  n o t  be easy s i n c e  
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CHAPTER 2 
A DISCUSSION OF THE DIMENSIONS AND U N I T S  OF 
THE MAGNETIC Q U A N T I T I E S  
I n  o r d e r  t o  u s e  magnetic f i e l d s  and f l u x e s  i t  i s  necessary 
t o  have names f o r  them and t o  have measures f o r  them. F u r t h e r ,  i t  is  
necessary t o  understand t h e i r  r e l a t i o n s h i p s  t o  each o t h e r  and t o  o t h e r  
p h y s i c a l  q u a n t i t i e s ,  such as t h e  e l e c t r i c a l  and mechanical q u a n t i t i e s .  
Because of t he  many systems of u n i t s  and dimensions (and hence forms 
of equa t ions )  employed i n  d i scuss ing  magnetic q u a n t i t i e s  i t  was f e l t  
t h a t  a d i s c u s s i o n  of t h e  b a s i c  i d e a s  of dimensions and u n i t  systems 
would b e  use fu l .  The fol lowing i s  an abbrev ia t ed  exp lana t ion  d i r e c t e d  
towards t h e  development and usage of systems and u n i t s  of t h e  magnetic 
q u a n t i t i e s .  It is i n t i m a t e l y  connected w i t h  the  h i s t o r y  and fundamental 
concepts of t h e  magnetic f i e l d .  
It  w i l l  be  noted t h a t  almost every t e x t  and paper  d i scuss ing  
magnetic f i e l d s  and u t i l i z i n g  equa t ions  t o  compute t h e  va r ious  magnetic 
q u a n t i t i e s  w i l l  p r e s e n t  t h e  equa t ions  and/or  q u a n t i t i e s  i n  s l i g h t l y  
d i f f e r e n t  form and use  d i f f e r e n t  names f o r  t h e  u n i t s  involved. This i s  
t h e  r e s u l t  of t h e  many j u s t i f i a b l e  p o s s i b i l i t i e s  i n  t h e  choice of di- 
mensions o r  dimension systems and i n  t h e  f u r t h e r  choice of un i t  systems. 
It i s  hoped t h a t  i n  t h i s  d i scuss ion  w e  may be a b l e  t o  l e s s e n  somewhat 
t h e  au ra  of confusion and perhaps e x p l a i n  why much of i t  has  occurred. 
The ques t ion  o f  t h e  proper dimensions t o  use  f o r  e lectromagnet ic  quan- 
t i t i e s  has  r a i s e d  more d i scuss ion  than  any o t h e r  s i n g l e  ques t ion  i n  
dimension-system s tudy ,  It  i s  n o t  s u r p r i s i n g ,  t h e r e f o r e ,  f o r  t h e  new- 
comer ( o r  even t h e  experienced) t o  be confused o r  t o  make mistakes i n  
c a l c u l a t i o n s  and/or  nomenclature. 
Mathematics is a symbolic d e s c r i p t i o n  of t h e  f u n c t i o n a l  re- 
l a t i o n s h i p s  between numerical  q u a n t i t i e s  e i t h e r  cons t an t  o r  varying. 
The numerical  va lues  are unique and a b s o l u t e  and do n o t  depend on 
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measurements of t he  world,  b u t  r a t h e r  on concept ions of t h e  mind. For 
a l l  p r a c t i c a l  purposes ,  two i s  two i n  any language anywhere i n  t h e  
world. 
l a t i o n s h i p s  of v a r i o u s  measured q u a n t i t i e s .  These q u a n t i t i e s  having 
been created o r  definedare s u b j e c t  t o  v a r i o u s  l o g i c a l  o r  convenient 
choices  i n  t h e i r  dimensions and s i z e s .  P h y s i c a l  q u a n t i t i e s  are de te r -  
mined by t h e i r  r e l a t i o n s h i p  t o  a s tandard.  Thus, a p a r t i c u l a r  rod may 
b e  s a i d  t o  be of l e n g t h  L ,  where L = N x U. N is a pure number and de- 
n o t e s  t h e  number of times t h e  s t anda rd  u n i t  U i s  contained i n  t h e  par- 
t i c u l a r  l e n g t h  L. 
and t h e  standard f i t s  i n t o  t h e  p a r t i c u l a r  rod 10 t i m e s .  
On t h e  o t h e r  hand, phys ics  i s  concerned w i t h  thesymbozic  re- 
U may be meters and N = 1 0  s o  t h a t  L = 10 meters 
A d i s c u s s i o n  of u n i t s  and t h e i r  r e l a t i o n s h i p s  w i l l  be  
t r e a t e d  more completely l a t e r  on i n  t h i s  d i scuss ion .  
D i  mens i ons and D i  mensi on Sys tems 
The important t h i n g  t o  understand h e r e  is t h a t  t h e  dimensions 
of a p h y s i c a l  q u a n t i t y  has  nothing t o  do w i t h  the  u n i t s  used t o  d e s c r i b e  
t h a t  q u a n t i t y .  
t h e  class t o  which t h e  p h y s i c a l  q u a n t i t y  belongs,  whereas t h e  u n i t  i n  
which i t  i s  measured i s  r e f e r r e d  t o  a p h y s i c a l  s t anda rd  and i s  the 
physicaZ q u a n t i f i e r ,  t he  numerical  r e l a t i o n  t o  t h a t  s tandard.  Thus, we 
f i n d  t h a t  any l i n e a r  ex tens ion  i n  real  space  has t h e  dimension l e n g t h  
[L] and may be r e l a t e d  t o  a s t anda rd  i n  f e e t ,  meters, cen t ime te r s ,  m i l e s  
o r  any o t h e r  convent ional  o r  unconventional standard u n i t  o r  measure. 
F o u r i e r  f i r s t  i n t roduced  t h i s  concept i n  t h e  e a r l y  1800's. 
c l e a r l y  d i s t i n g u i s h e s  p h y s i c a l  q u a n t i t i e s  from mathematical  numbers. 
p h y s i c a l  q u a n t i t y  may be designated as a b s o l u t e l y  fundamental a l though 
i t  may be convenient t o  consider  them t o  be s o ,  Thus, l e n g t h  [ L ] ,  
t i m e  [TI and mass [MI are chosen i n  many dimension systems as fundamental 
dimensions w i t h  o t h e r  p h y s i c a l  q u a n t i t i e s  de r ived  i n  terms of t h e s e  
t h r e e  dimensions. I n  a mechanical system only t h r e e  dimensions are re- 
q u i r e d  t o  form a c o n s i s t e n t  and complete set f o r  t h a t  f i e l d  of sc i ence .  
Force [F]  o r  energy [E]  could have been chosen as a fundamental dimen- 
s i o n  along w i t h  [L] and [TI and a c o n s i s t a n t  system developed. This  
has i n  f a c t  been done and a comparison of t h e s e  systems is given. 
The dimension is  a common p rope r ty  o r  d e s c r i p t i o n  of 
Its use  
No 
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Dimensions 
Phy s i c a1 
Quanti  t y Phys ica l  G r a v i t a t i o n a l  Ene rge t i ca l  
and Symbol Sys t e m  System System 
l e n g t h ,  1 
t i m e ,  t 
v e l o c i t y ,  v 
mass, m 
f o r c e ,  f 
p r e s s u r e ,  p 
energy, E 
power, P 
grav. cons t ,  k 
e t c .  
Note t h a t  a p e r f e c t l y  c o n s i s t e n t  system is developed i n  each of t h e s e  
systems. Those t h r e e  and one o t h e r ,  The As t rophys ica l  System are t h e  
fou r  which have come i n t o  gene ra l  use.  
f i n e s  t h e  g r a v i t a t i o n a l  cons t an t  as a fundamental u n i t  [k] .  The P h y s i c a l  
The Astrophysical  System de- 
System i s  g e n e r a l l y  used i n  t h e  v a r i o u s  branches of s c i ence .  The 
G r a v i t a t i o n a l  System i s  widely used i n  engineer ing e s p e c i a l l y  where 
combined w i t h  Engl ish u n i t s  and t h e  E n e r g e t i c a l  System has been u s e f u l  
i n  h e a t  engineer ing.  
However, f o r  a h e a t  dimension system an a d d i t i o n a l  dimension 
i s  requ i r ed .  To complete t h i s  system, t h e  f o u r t h  dimension temperature  
[ e ]  is  added. This  has been done t o  t h e  t h r e e  systems shown i n - t h e  
t a b l e  and a l l  are i n  use,  e s p e c i a l l y  t h e  f i r s t  and second. So f a r  t h e  
complicat ions are n o t  s o  g r e a t .  However, f o r  a system involving e l ec -  
t r i ca l  p h y s i c a l  q u a n t i t i t e s ,  ano the r  dimension must be added. Here w e  
have a wide choice.  
s t a t i c )  p h y s i c a l  q u a n t i t y  may be chosen s i n c e  no ph i losoph ica l  argument 
is  more v a l i d  f o r  one than another .  However, t h e r e  are t h r e e  funda- 
mental  e l ec t romagne t i c  experiments which invo lve  the  "basic" q u a n t i t i e s  
of electromagnetism. These are 
A n y ,  I r e p e a t ,  any electromagnet ic  ( o r  e l e c t r o -  
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Coulomb's Law Experiment Q l Q 2  1) f e  = lee -
I l I 2  
2 r 
1 Ampere$ Law Experiment 2)  f m  = km -r 
(by d e f i n i t i o n  I = dQ/dt) 
3 v o l t a g e  gene ra t ion  experiment. -ki d t  3) v = 
f = t h e  e l e c t r o s t a t i c  f o r c e  between charges 
f = t he  e l ec t romagne t i c  f o r c e  between c u r r e n t  loops 
Q 
I = e lec t r ic  c u r r e n t  
r = c e n t e r  t o  c e n t e r  d i s t a n c e  
1 = l eng th  of t h e  c u r r e n t  carrying conductors 
V = t h e  induced v o l t a g e  o r  e l ec t romot ive  f o r c e  
9 = t h e  magnetic f l ux  l i n k i n g  t h e  conductor 
k = var ious  p r o p o r t i o n a l i t y  cons t an t s  
Depending on how t h e s e  are chosen a v a s t  m u l t i t u d e  of dimensional sys- 
t e m s  can be developed. 
not  i nc lud ing  the p o s s i b l e  unit choices .  
e 
m 
= q u a n t i t y  of e l e c t r o s t a t i c  charge 
j 
There are a t  least 8 systems i n  popular u se ,  
System Q u a n t i t i e s  Chosen as Fundamental 
E lec t rophys ica l  L ,  T, M, Q 
E l e c t r o g r a v i t a t i o n a l  L ,  T ,  F, Q 
D e f i n i t i v e  L ,  T, P ,  Q 
"P rac t i ca l "  L ,  T ,  I, R 
E n e r g e t i c a l  L ,  T ,  E ,  v 
L ,  T, M, ke 
Electromagnetic L ,  T, M, km 
-1 Elect r os t a t  i c 
2 Gaussian L ,  T ,  M,  km and ke = km c 
where 
L = l e n g t h  
T = t i m e  
M = mass 
Q = e l e c t r o s t a t i c  charge 
F = f o r c e  
P = power 
I = c u r r e n t  
E = energy 
V = v o l t a g e  
ke = p r o p o r t i o n a l i t y  c o n s t a n t  i n  Coulomb's Law and i s  taken 
k 
as the a b s o l u t e  d i e l e c t r i c  cons t an t .  
= p r o p o r t i o n a l i t y  cons t an t  i n  Ampere's Law and i s  taken 
as t h e  a b s o l u t e  pe rmeab i l i t y .  
= a cons tan t  of dimensions of v e l o c i t y  and numerical ly  
equa l  t o  t h e  v e l o c i t y  of l i g h t  i n  f r e e  space b u t  n o t  
uniquely i d e n t i f i e d  wi th  i t .  
m 
c 
This  confusion may be f u r t h e r  complicated by choosing i n  t h e  
E l e c t r o s t a t i c  system [k  ] = 1, i n  t h e  Electromagnetic system [km] = 1 
and i n  t h e  Gaussian system [ k  ] = [k,] = 1, producing t h e  so  c a l l e d  
"absolute"  systems. This  e s s e n t i a l l y  reduces t h e  number of fundamental 
q u a n t i t i e s  by one, r e s u l t i n g  i n  incomplete systems and adding confusion 
i n  checking equa t ions  f o r  dimensional homogenity. The p r e s e n t  t r e n d  i s  




The P r a c t i c a l  systems are by f a r  t h e  most convenient f o r  
e l ec t romagne t i c  c a l c u l a t i o n s ,  b u t  are d i f f i c u l t  t o  combine w i t h  t h e  
popular  mechanical dimensional systems. 
engineer ing l i t e r a t u r e .  
They are used e x t e n s i v e l y  i n  t h e  
A t a b l e  showing t h e  dimensions of t h e  va r ious  e l ec t romagne t i c  
q u a n t i t i e s  i n  t h e  P r a c t i c a l  and t h e  Electromagnetic systems i s  given. 
The rest of t h e  d i s c u s s i o n  w i l l  be  l i m i t e d  t o  t h e s e  two sys- 
t e m s  of dimensions, t h e  Electromagnet ic  and t h e  P r a c t i c a l  systems. The 
P r a c t i c a l  system w i l l  be developed as a comprehensive u n i t  system using 
L ,  T ,  M and R. Ac tua l ly ,  i n s t e a d  of R ,  which i s  d i f f i c u l t  t o  s t a n d a r d i z e  
experimental ly  i t  has  been suggested and adopted t o  se t  t h e  va lue  of 
a b s o l u t e  pe rmeab i l i t y  t o  e x a c t l y  henry/meter ( i n  t h e  MKS u n i t  
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Dimensions 
Phys ica l  Quant i ty  
l e n g t h  
t i m e  
mass 
f o r c e  
energy 
e lec t r ic  charge 
c u r r e n t  
v o l t a g e  
r e s i s t a n c e  
magnetic f l u x  
induc t ion  
magnetizing f o r c e  
magnetomotive f o r c e  
r e l u c t a n c e  
abso. d i e l  cons t  






















M L Tm2 
M L2 Tm2 
Q 
Q T-l  
I R  
R 
I R T  
I R L-2 T 
I L  
I 
R-l. T-l 
R-l L-l T 





M L T-2 
M L2 T-2 
112 L 1 / 2  T-l k-1/2 
m M 




M 112 L3/2 T-2 k1/2 




112 L3/2 T-l k 1 / 2  
m 
1 1 2  L-1/2 T-l k1/2 
m 
112 L-1/2 T-l k-1/2 
m M 
112 L1/2 T-l k-1/2 
m M 
f1  k-l 
m 
-2 2 -1 L T km 
km 
system). 
henry/meter. The f a c t o r    IT i s  h e r e  ( i . e . ,  t h e  system i s  r a t i o n a l i z e d )  
i n  o r d e r  t o  s i m p l i f y  t h e  electromagnet ic  equat ions r a t h e r  t han  simpli-  
fy ing  t h e  Coulomb'slaw of a t t r a c t i o n ,  
h e r e  i n  t h e  s e n s e  t h a t  t h e  engineer ing q u a n t i t i e s  v o l t s ,  amperes, ohms, 
h e n r i e s ,  f a r a d s ,  etc. ,  become t h e  u n i t s  i n  t h e  system and have t h e i r  
u sua l  magnitudes. Some o t h e r  f a m i l i a r  q u a n t i t i e s  such as d e n s i t y  of 
water ( 1  g/cc)  however become lo3  kilograms/m3. 
t e m  f u r t h e r  r e q u i r e s  t h e  use of u 
I n  t h e  r a t i o n a l i z e d  form of t h i s  system t h i s  becomes  IT x 
The term " P r a c t i c a l "  is used 
The r a t i o n a l i z e d  sys- 
t h e  pe rmeab i l i t y  of f r e e  space t o  
0 
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have a va lue  d i f f e r e n t  from 1, t h a t  is ,  equa l  t o    IT x henry/meter 
and r e q u i r e s  i t s  presence i n  t h e  e l ec t romagne t i c  equat ions.  
be looked upon as an advantage, however, i n  t h a t  i t  c l e a r l y  p o i n t s  out 
The u n i t s  t h e  d i f f e r e n c e  between B and H. Thus i n  a vacuum B = 
of B being webers/m2 and those  of H amperes/meter ( o r  ampere/meter) and 
the  numerical  va lues  of B and H being d i f f e r e n t  by t h e  f a c t o r   IT x 
Th i s  can 
'oh' 
Units and Un i t  Systems 
I n  t h e  foregoing s e c t i o n  t h e  use of u n i t s  unavoidably crept  
i n t o  t h e  d i s c u s s i o n  i n  p l aces .  
undertaken. I n  o rde r  t o  measure a p h y s i c a l  q u a n t i t y  i t  is  necessary t o  
compare i t  wi th  a l i k e  p h y s i c a l  q u a n t i t y .  The r e fe rence  p h y s i c a l  quan- 
t i t y  is  r e f e r r e d  t o  as the  "uni t"  of t h a t  p h y s i c a l  q u a n t i t y  and t h e  
"measure" is  then  a r a t i o  (a p u r e l y  numerical  f a c t o r )  of t h e  unknown 
amount t o  t h e  ' 'unit" measure. 
an i n f i n i t y  of p o s s i b i l i t i e s  e x i s t s  f o r  choosing t h e  u n i t .  Now s i n c e  
l i k e  p h y s i c a l  q u a n t i t i e s  are r e l a t e d  only by pu re ly  numerical  f a c t o r s  
t h e r e  is only one dimension f o r  each p h y s i c a l  q u a n t i t y  b u t  many u n i t s .  
A dimension system is chosen and then f o r  each dimension i n  t h a t  system 
a s p e c i f i c  u n i t  is  chosen. 
and by means of t h e  r e l a t i o n s h i p s  i n  t h e  dimension system every p h y s i c a l  
q u a n t i t y  can then b e  expressed i n  t h e s e  u n i t s .  For each dimension sys- 
t e m  an i n f i n i t y  of u n i t  systems can e x i s t  b u t  i n  o rde r  t o  achieve wide- 
sp read  understanding t h e s e  have been l i m i t e d  t o  a few. 
D i r e c t  d i scuss ion  of uni t s  w i l l  now be 
Since t h e  "uni t"  chosen may be a r b i t r a r y ,  
These u n i t s  become t h e  fundamental un i t s  
Ast ias  pointed ou t  p rev ious ly ,  t h r e e  dimensions and hence t h r e e  
u n i t s  are r equ i r ed  f o r  a mechanical system; p l u s  one f o r  h e a t  o r  tem-  
p e r a t u r e  and one more f o r  e l e c t r i c i t y .  
system comprised of 5 fundamental u n i t s  which can be used throughout t h e  
whole f i e l d  of physics  i s  termed a comprehensive u n i t  system. I f  t h e  
u n i t s  are m e t r i c  i t  i s  a m e t r i c  comprehensive u n i t  system. Even then  
w e  f i n d  eleven comprehensive metric systems i n  gene ra l  use and some of 
t h e s e  have mod i f i ca t ions .  I n  a d d i t i o n  t o  t h e  mod i f i ca t ions  i n  t h e  u n i t s ,  
w e  can have a u n r a t i o n a l i z e d  system, a r a t i o n a l i z e d  system, a p a r t i a l l y  
r a t i o n a l i z e d  system o r  a symmetric system. The Gaussian (cgs)  system 
A dimension system and u n i t  
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i s  a symmetric system and h e r e  the  d i e l e c t r i c  constant  of f r e e  space 
is chosen as e x a c t l y  1 s t a t - f a r d  p e r  cen t ime te r  and t h e  pe rmeab i l i t y  of 
free space i s  chosen as 1-abhenry p e r  meter. This  f a c t o r  i s  numerical- 
l y  t h e  same as t h e  v e l o c i t y  of l i g h t  i n  cgs u n i t s  b u t  is a numerical  
f a c t o r  only. I n  t h a t  case a l l  e l e c t r o s t a t i c  and c u r r e n t  q u a n t i t i e s  
appear i n  e l e c t r o s t a t i c  u n i t s  and a l l  magnetic q u a n t i t i e s  appear i n  
e l ec t romagne t i c  u n i t s .  
t i o n s .  Below i s  a t a b l e  showing some r e l a t i o n s h i p s  between a s e l e c t e d  
few of t h e  comprehensive systems. 








Symm e t r  i o 
Q u a n t i t i e s  (sym) 
Length 
time t L I  seo cm 
mass m 
foroe  f 
oharge Q 
ourr ent ' I 
r es is tano  e R 
vol tage  V 
magnet i o f l u x  9 
m .  f l u x  dens i ty  B 
magnetizing foroe  H 
magnetomotive foroe  F 
permeabili ty !J 
gram 
dyne 
s ta t  ooiilombs 
statampere 
statohm 
s t a t v o l t  
statweber 
gauss 
oers ted  
g i l b e r t  
abhenry/om 
C GS 
Elec t ros ta t i l  
!laxwell 






ststamp er e 
statohm 






































(Rat iona l ized)  




newton = J/m 
coulomb 
ampere 







The dimension systems and u n i t s  systems which w i l l  be  used 
i n  t h i s  paper are p resen ted  on the  following page g iv ing  t h e  conversion 
f a c t o r s  from t h e  one system t o  t h e  o t h e r .  
paper w i l l  be  g iven  i n  both systems. 
in the same row are equal. 
Formulas p re sen ted  i n  t h i s  
In the  following table,  quantities 
This w i l l  be our  working t a b l e .  
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Absolute Practical cgs 
Physical or Rationalized Electromagnetic 













1 1 meter 
m 1 kilogram 
t 1 sec 
f 1 newton 
W 1 joule 
U 1 joule 








q 1 coulomb 1O-I abcoulomb 
i or I .1 ampere 1O-I abampere 
v 1 volt lo8 abvolts 
R 1 ohm lo9 abohms 
C 1 farad 10-9 abfarads 
magnetic flux 4 1 weber 108 maxwells 
magnetic induction 
(flux density) B 1 weber/m 
magnetizing force 
(magnetic field) H 1 amp-turn/m 4 m  x lom3 oersted 
magnetomotive force F 1 amp-turn 4m/10 oersted 
pole strength pm 1 weber 108/4m maxwells 
inductance L 1 henry 109 abhenries 
permeability of 
4 10 gauss 2 
reluctance I$., 1 amp*turn/weber 4.rr 10-9 
free space po 4.rr x 10-7 henry/m unity 
p e rmeab ili t y !J dimensionless gauss/oersted 
constant 
Notes: a) 1 volt-sec = 1 weber 
c) quantities in same row are equal, i.e., 1 m = 100 cm. 
These two systems of unity will be abbreviated as (MKS) and (CGS) respec- 
tively and placed in Brackets next to the formulas used where necessary 
to identify the system of units which must be used in the equation. 
In order to convert from units from one system to another it 
is necessary to multiply by the appropriate factor. This factor is 
obtained from the table. Since quantities in the same row are equal 
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t h e i r  dimensional r a t i o  i s  u n i t y  b u t  t h e i r  u n i t  r a t i o  i s  t h e  va lue  i n  
one column d iv ided  by t h a t  i n  t h e  o t h e r .  
ra t io  and i s  dirnension2es.s and equa l  t o  1 ( u n i t y )  dimensionally.  
w e  see 
The conversion factor is t h i s  
Thus, 
1 meter 100 cen t ime te r s  = [ l ]  = 100 cen t ime te r s  1 meter 
l o 4  gauss  
1 weber/m 
2 1 weber/m 
10 gauss 2 
= [l] = 4 
2 Thus t o  convert  a v a l u e  of B (magnetic i n d u c t i o n )  i n  (MKS) of 10 weber/m 
t o  t h e  a p p r o p r i a t e  number of u n i t s  (CGS) gauss w e  mul t ip ly  by t h e  u n i t  
f a c t o r  which w i l l  c ance l  t h e  unwanted u n i t s  l eav ing  the  wanted u n i t s  and 
h a v i n g . t h e  proper  numerical  f a c t o r .  
be inve r t ed .  
Note t h e  u n i t y  f a c t o r  can always 
1 4 =  
webers x [ l ]  = l O 4 x  2 B = 10  m 
= 10 5 gauss ( t h e  MKS u n i t s  cance l l i ng )  
5 5 2 o r  B = 10 gauss  x [ l ]  = 10 -guUSX-x 
2 
= 10 webers/m ( t h e  CGS u n i t s  cance l l i ng )  
This  method of convert ing f r o m . u n i t s  i n  one system t o  those  i n  another  
i s  t h e  most s imple and foolproof known. It t akes  c a r e  of numerical  
f a c t o r s  and u n i t s  a t  the  same t i m e .  It i s  only necessary t o  have a 
t a b l e  wi th  e q u a l i t y  between u n i t s .  Any number of [ l ]  (un i ty )  f a c t o r s  
may be used i n  a s t r i n g  without  d i f f i c u l t y .  The s i m p l e  example below 
should s u f f i c e  t o  i l l u s t r a t e  t h e  method. 
Thus t o  convert  1 yard t o  an. 
3 f e e t  1 2  i nches  2.54 cm unity factors: L1l = 1 yard 9 [I] = 1 foot 9 [I] = 1 inch 
- 1 7  - 
L = 1 yard x [I] x [ll x [l] 
= 3 x 12 x 2.54 cm 
all units cancelling except 
L = 91.44 cm cm. leaving the proper numer- ical multiplier. 
A s  was mentioned previously a formula or equation in a 
rationalized system will be different from one in an unrationalized 
system even when the same units are used in both systems. 
A tabulation of a few frequently used magnetic equations in 
the MKS rationalized and the CGS EMU unrationalized systems are given 
below. 
Physical Situation 
B io t- S avar t Law 
Field due to element 
o f current 
Normal force per unit length 
between infinite parallel 
currents 
Flux density at center 
of n turn circular coil 
in air 
Flux density inside 
infinite solenoid 
n turns/unit length 
EMF induced in conductor 
by rate of flux change 




I di oersted (CGS) H =  2 r 
- -  
1 1  
newtons/m (MJIS) ' F 3-- u 2n r 
U r dynes/cm (CGS)  I 2 2  F = 2 -  
(CGS) 
nI B =  IT - gauss r 
B = ponI webers (MKS 1 
~ 
F = $Rm (MKS & CGS) 
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CHAPTER 3 
MAGNETIC FIELDS AND MAGNETIC FLUX 
We are now i n  a p o s i t i o n  t o  d i s c u s s  t h e  product ion of a mag- 
n e t i c  f i e l d .  
L e t  u s  f i r s t  n o t e  t h a t  w e  can make some ana log ie s  of magnetic 
f i e l d s  wi th  s imple e lectr ic  c i r c u i t s  w i t h  which many are f a m i l i a r .  
I n  an e lec t r ic  c i r c u i t  w e  have a v o l t a g e  o r  e l ec t romot ive  
f o r c e  (E) producing a c u r r e n t  a) through a r e s i s t a n c e  (R) . S i m i l a r l y ,  
i n  a magnetic c i r c u i t  we  have a magnetomotive f o r c e  (F) producing a 
f l u x  (i) through a r e l u c t a n c e  (Rm)- 
E = RI F = Rm$ 
I n  t h e  e lec t r ic  c i r c u i t  t h e  c u r r e n t  i s  g e n e r a l l y  coqfined 
i n s i d e ' t h e  conduc to r , i n  the  magnetic c i r c u i t  t h i s  i s  i n  g e n e r a l ,  n o t  
t rue , and  w e  have t o  c a r e f u l l y  d e f i n e  t h e  r eg ion  i n  which the f l u x  occurs ,  
The s p e c i f i c  magnetomotive f o r c e  p e r  u n i t  l e n g t h  i s  c a l l e d  
t h e  magnetic f i e l d  o r  magnetic f i e l d  strength and sometimes j u s t  f i e l d .  
It i s  denoted by t h e  l e t t e r  H. The s p e c i f i c  magnetic f l u x  
o r  f l u x  d e n s i t y  i s  c a l l e d  t h e  magnetic induction and i s  denoted by B. 
The formal d e f i n i t i o n s  are as f.ollows. The magnetomotive f o r c e  -F is: 
-- 
F = 4 Hedl and hence H i s  a v e c t o r  w i th  d i r e c t i o n  and 
magnitude and u n i t s  o f '  magnetomotive f o r c e  
p e r  u n i t  length.  
We a s s o c i a t e  H w i th  a c u r r e n t  i i n  such a manner t h a t  t he  fol lowing i s  
t r u e :  
-- -- 4, Hedl = i (MKS) 4 Hedl = 4 1 ~ i  (CGS) 
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A s  a d i f f e r e n t  way of looking a t  t h e  magnetic f i e l d  which i s  
e x a c t l y  equ iva len t  t o  the above, w e  can argue i n  t h i s  way: Ampere per- 
fomed expeviments which showed that the force betueen current carrying 
segments of wire varied inversely as the square of their  distance apart 
and directZy as the currents i n  the segments. He further determined b y  
experiment, that  the force experienced b y  a wire carrying a current is 
always norma2 t o  the wire. 
I n  t h e  f i g u r e  below t h e s e  r e l a t i o n s  are diagrammed. 
c u r r e n t  element 1 i s  w r i t t e n  ilal 
c u r r e n t  element 2 is  w r i t t e n  i2T2 
The magnitude and d i r e c t i o n  of t h e  f o r c e  i s  descr ibed s u c c i n c t l y  
as t h e  v e c t o r  product A x E = (ABsinf3) c = C ,  where 8 i s  t h e  ang le  between 
A and 
v e c t o r  pe rpend icu la r  t o  both 
screw advancing i n  t h e  d i r e c t i o n  7 would r o t a t e  
angle  i n t o  t h e  p o s i t i o n  of E. 
- -  
- 
(ABsinO) i s  t h e  magnitude of t he  v e c t o r  product  and c i s  a u n i t  
and 5 and so d i r e c t e d  t h a t  a right-hand 
through t h e  smaller 
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Thus, 
We now can w r i t e  t he  equa t ion  which d e s c r i b e s  t h e  elementary 
f o r c e  of i dl on i dl 2 2  1 1  - - 
d l l  x (d12 x r l )  
~ - 
2 df l  = K ili2 r 
where - 
r i s  t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  element 2 t o  element 1, 
K is  a cons t an t  of p r o p o r t i o n a l i t y .  
and 
I n  p r a c t i c a l  r a t i o n a l i z e d  MKS u n i t s ,  K i s  chosen as p /4m and 
0 
i n  CGS e l ec t romagne t i c  non- ra t iona l i zed  u n i t s  K i s  chosen as 1. The 
above equat ion can be w r i t t e n  as: 
- 
(MKS) P O  - d f = i d l  x - i d 1  x r l  1 1  4 T 2 2  
- Po - From t h i s  w e  now d e f i n e  d t 2  = - i d l  
f l u x  produced by i dl 
of pe rmeab i l i t y  P then: 
x r 4 m 2 2  1 2 and dB i s  t h e  magnetic 
t o  produce t h e  f o r c e  df. I f ,  we are i n  a material  2 2  
dB = p ix x rl (CGS) 
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I f  w e  have a s i n g l e  c u r r e n t  ca r ry ing  conductor s t r e t c h i n g  from - 
-m t o  +Oo we f i n d  a dB surrounding t h e  w i r e  coming ou t  of t h e  p l ane  0 
above t h e  wire and e n t e r i n g  t h e  p l a n e  below t h e  wire @ and a t  a dis-  
t a n c e  a from t h e  w i r e .  - 
- 0 0  +-  
If we now i n t e g r a t e  dB f o r  a l l  elements of t h e  w i r e ,  o r  com- 
p l e t e l y  around t h e  closed loop  (of w i re )  (closed through m) w e  have f o r  
t h e  f i e l d  around t h e  w i r e  
where 
- -  
d l  x r = d l  s i n 0  1 
a = r s i n 0  
2 r2 = a2 + 1 
d r  = d l  
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so 
2 w o i  
2pi (CGS) 
- 
B e -  (MKS) B=- 4va a 
w e  may a l s o  w r i t e  
2i (CGS) 
- - 
H = -  2i (MKS) and H = -  IT a a 
s i n c e  
- 
H = B / w 0  (MKS) and E = K / p  ( C G S )  
This r e s u l t  ( o r  t h e  i n t e g r a l  form above) i s  known as t h e  Biot-Savart 
l a w  and i s  of g r e a t  p r a c t i c a l  importance. 
lowing c a l c u l a t i o n  t h a t  p r a c t i c a l l y  a l l  u s e f u l  magnetic f i e l d s  are de- 
termine d . 
I t  i s  from t h i s  and t h e  fo l -  
A s p e c i a l  ca se ,  e s s e n t i a l l y  t h e  i n v e r s e  of the above is 
now descr ibed.  Here the  current-carrying conductor i s  bent  i n  t h e  form 
of a c i rc le  (a 1oop)and the  magnetic f i e l d  is  c a l c u l a t e d  along t h e  axis 
of t h e  loop. 
n e t i c  f i e l d  off t h e  axis. 
Note, however, t h a t  i t  i s  no t  ea sy  t o  determine the mag- 
This problem w i l l  b e  discussed later.  
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dB I x . I  / I 
Now by symmetry each ix w i l l  c o n t r i b u t e  an equa l  and sym- 
metric amount of t o  t h e  a x i a l  hence t h e  component of perpendicular  
t o  t h e  axis vanishes  and 
now dl x r, = d l  s i n e ,  b u t  s i n e  = s i n  lr/2 = 1, s i n c e  dl i s  everywhere 
I 
perpend icu la r  t o  r s o  
along t h e  axis hence: 
1’ 
B a x i s  = b  
so 
- -  
d l  x r = d l  and dB cos4 is  t h e  component of dB 1 
1= 2lrb 
p u o i  cos4dl  cos$ = b / r  
a n d b  + x  = r  2 2  2 cos4dB = -
0 
41r 
2 - u v 0 i  27rb - -  
B a x i s  41r (b2 + x 2 ) 3 / 2  




(b2 + x 2 3/2 
= 2 r p i  W o i  b2 (ms) Bax i s  = -  2 3 /2  (b2 + x ) a x i s  2 
B 
Again w e  have a ve ry  important p r a c t i c a l  r e s u l t .  This r e s u l t  can be 
used immediately. We may rewrite t h e  equat ion as follows: 
B = VH (CGS) 
then  
B b2 
!J (b2 + x ) 2 3/2 (CGS) 
= - = 2mi  (ms) Haxis - B i b2 - - = -  2 3/2 
"0 (b2 + x ) Haxis 
Now l e t  x = o and c a l l  t h e  f i e l d  along t h e  a x i s  a t  t h e  c e n t e r  of t h e  
c o i l  H 
0 
(CGS) 
2 ~ r i  H = -  (MKS) H = -  
o 2b o b  
and form t h e  dimensionless q u a n t i t y  H/H 
0 
which are t h e  
same and 
o (x2 + b ) 3 /2  dimensionless 
i n  both systems 
H b3 H - b3 - -  - -  
- ( x 2 + b )  2 3/2 H 
0 
and f i n a l l y  
A p l o t  of H/H v s  x/b ( a l s o  dimensionless) g ives  us  a u n i v e r s a l  curve 
f o r  t h e  f i e l d  on t h e  axis of a s i n g l e  loop of w i r e .  I f  many t u r n s  of 
w i r e  are used i n  t h e  loop, i t  i s  s t i l l  v a l i d ,  t he  only assumption being 
t h a t  t h e  c r o s s  s e c t i o n a l  dimensions of t h e  loop  a r e  small compared t o  
t h e  r a d i u s  of t h e  loop. 
0 
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This  example i s  being explained i n  cons ide rab le  d e t a i l  s i n c e  
t h e  g e n e r a l  p r i n c i p l e s  involved are s imilar  t o  those  which w i l l  be  en- 
countered i n  more complicated c o i l  arrangements. 
We can see t h a t  t h e  s l o p e  i s  p r a c t i c a l l y  constant  i n  t h e  re- 
g ion  around x/b = 1/2.  W e  can make use of t h i s  f a c t  t o  produce a uniform 
o r  n e a r l y  uniform H. 
Now, i f  t h e  f i r s t  d e r i v a t i v e  of a f u n c t i o n  can be found t o  
have a constant  va lue  i t s  second d e r i v a t i v e  w i l l  be  zero and t h e  va lue  
of t h e  argument (x/b) can be found which w i l l  make the  s l o p e  cons t an t .  
and x’  = 2 L e t  us  now f i n d  dH’/dx’, d H’/dxV2, where H’ = H/H 
0 
x /b  
1 
2 3/2 
then H’ = 1 
(x’ + 1 )  
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and 
S e t t i n g  t h i s  equa l  t o  zero  and f a c t o r i n g  o u t  t h e  common f a c t o r  -3/2 
(XI2 + 1) w e  f i n d  -512 
2 5x = 1  
X I 2  + 1 
and 
This  g i v e s  u s  
x f 2  = 1 / 4  o r  x' = 1 / 2  
x /b  = 1 / 2  
A t  t h i s  p o i n t ,  along t h e  a x i s ,  t h e  f i e l d  is  decreas ing  a t  a cons tan t  
ra te .  
I f  w e  now p o s i t i o n  two c o i l s  one t o  t h e  l e f t  of p o i n t  P a 
d i s t a n c e  of x /b  = 1 / 2  and t h e  o t h e r  t o  t h e  r i g h t  of p o i n t  P a d i s t a n c e  
x/b = 1 / 2  w e  w i l l  o b t a i n  a f i e l d  which is t h e  sum of t h e  f i e l d s  of two 
c o i l s .  This  arrangement of loops i s  c a l l e d  a Helmholtz p a i r .  It i s  one 
of t h e  f irst  and r e l a t i v e l y  common and simple ways t o  produce a uniform 
f i e l d  of a reasonable  ex ten t .  It produces t h e  l a r g e s t  uniform f i e l d  
i f  t h e  two loops are of equal  s i z e .  Other  conf igu ra t ions  us ing  more than  
two loops  of t h e  same o r  d i f f e r e n t  s i z e s  can be  more e f f i c i e n t ,  tha t  i s ,  
g i v e  a g r e a t e r  volume of uniform f i e l d ,  f o r  t h e  same e x t e r i o r  dimen- 
s i o n  of t h e  loops.  
A t  t h e  c e n t e r  P (and approximately so t o  each s i d e  of c e n t e r )  
t h e  decrease  i n  t h e  f i e l d  of t h e  one loop i s  e x a c t l y  compensated by t h e  
i n c r e a s e  of the f i e l d  of t h e  o t h e r  loop leading  t o  a uniform f i e l d  be- 
tween t h e  l o o p s  and becoming less uniform as w e  move f a r t h e r  from t h e  
c e n t e r  P. The s l o p e  of the  f i e l d  a t  t h e  c e n t e r  of a s i n g l e  loop i s  a l so  
ze ro  bu t  a s  can be  seen  from t h e  previous  f i g u r e  changes r a t h e r  r a p i d l y  
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as w e  move away from cen te r .  The f i e l d  f o r  a Helmholtz using t h e  d a t a  
j u s t  c a l c u l a t e d  f o r  a s i n g l e  loop i s  shown i n  t h e  next  example. 
The f i e l d  from t h e  l e f t  hand loop w i l l  decrease  t o  t h e  r i g h t  and the 
f i e l d  from t h e  r i g h t  hand loop w i l l  decrease  t o  t h e  l e f t .  The two f i e l d s  
w i l l  add t o  g i v e  a n e a r l y  uniform f i e l d .  Thus, from our  t a b l e  w e  have 
Distance from Distance from W H O  Distance from W H O  SUJII of H/H, 


































































where the va lues  i n  b racke t s  have been f i l l e d  i n  by symmetry and t h e  col-  
umns have been a d j u s t e d  v e r t i c a l l y  s o  t h a t  t h e  f i e l d  from each c o i l  f a l l s  
a t  t h e  p o i n t  P. 
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A p l o t  of t h e  f i r s t  and l a s t  columns shows t h e  uniformity of 
t h e  f i e l d  on the  axis of t h e  loops .  
- */b t 
1 I 1 I . 
1.- \ . Z I  1.00 .75 .SO .25 .25 .SO 87s \.a0 (-2s 1.50 
eight o f  P) t 4 mid - point bckworn (oops 
center of  
riqht loop 
I (left s f  P) 
cantar of 
IaQt loop 
It can be seen t h a t  i n  t h e  r eg ion  from -0.25 t o  +0.25 t h e  
f i e l d  along t h e  axis i s  q u i t e  uniform. 
To f i n d  t h e  p o i n t  where the  combined f i e l d  f a l l s  t o  99% of t h e  
f i e l d  a t  po in t  P w e  l e t :  
HL1 + HR1 s u b s c r i p t s  L and R s t a n d  
2H ' = 0 * 9 9  f o r  " l e f t "  and " r igh t "  
0 
HL' + HR' = (0.99) ( 2 )  (.716) 
= 1.417 
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Since t h i s  is  a b i t  d i f f i c u l t  t o  s o l v e  a l g e b r a i c a l l y  w e  can t a b u l a t e  a 
few va lues  i n  t h e  v i c i n i t y  of x /b  = 0.25 and p l o t  them on an expanded 
scale w e  can f i n d  where x/b makes t h i s  t r u e .  This  w i l l  then be  t h e  
e x t e n t  o f  t h e  1% region .  
L e t  
= A  1 
( ( 1  - x /b )2  + 1)3'2 
= B  1 
( (x/b) +l) 3/2 
Then 
x/b - -  A B (1.417-B) 
.15 .443 .966 0.451 
.20 ,476 ,943 0.474 
.25 .512 .914 0.503 
This  g ives  x /b  = 0.183 where t h e  f i e l d  is  99% of  c e n t e r  f i e l d .  
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P u t t f n g  t h i s  va lue  of x/b i n  our equa t ions  f o r  t h e  combined 
f i e l d  w e  f i n d :  
1 
(.8172 + l I3I2  
+ 1 - 
(.1832 + 1)3/2 
= .951 + .461 
= 1.412 
which i s  1.412 = 0.986 o r  99% of f i e l d  a t  c e n t e r  as r equ i r ed .  1 .432  
I f  w e  had a p a i r  of loops each wi th  a one meter r a d i u s  
(b = lm) ,  spaced l m  a p a r t ,  a uniform f i e l d  (wi th in  1%) would e x i s t  on 
t h e  axis from . 3 1 7 m  l e f t  of c e n t e r  t o  .317m r i g h t  of c e n t e r  f o r  a t o t a l  
l e n g t h  o f  .634 meter. 
For a f i e l d  uniform t o  say 0.1% w e  would n a t u r a l l y  have a much 
smaller d i s t a n c e  w i t h i n  t h i s  uniformity.  
t h e  u s e f u l  f i e l d  f o r  a given uniformity i s  p r o p o r t i o n a l  t o  t h e  c o i l  
r a d i u s .  
6.34 cm. 
But n o t e  t h a t  t h e  l e n g t h  of  
Thus a p a i r  of c o i l s  10  cm r a d i u s  would have a u s e f u l  l e n g t h  of 
I n  t h e  i l l u s t r a t i o n  above w e  made t h e  assumption t h a t  t h e  c r o s s  
s e c t i o n  of t h e  loop winding had dimensions t h a t  were very small  compared 
t o  t h e  loop r a d i u s .  That i s  t h e  c u r r e n t  t h a t  w a s  e s s e n t i a l l y  a l i n e .  
I n  some cases i t  may be necessary t o  have a cons ide rab le  number of t u r n s  
t a k i n g  up a cons ide rab le  amount of phys i ca l  space.  
on a c y l i n d r i c a l  s u r f a c e  only one of t h e  t u r n s  can have t h e  proper spacing 
from t h e  cen te r .  I n  o r d e r  t o  compensate f o r  t h i s ,  t h e  winding should be 
on a c o n i c a l  s u r f a c e  so  t h a t  t h e  r a d i u s  of each loop w i l l  be twice i t s  
d i s t a n c e  from t h e  c e n t e r  of t h e  p a i r  of c o i l s .  This  i s ,  t h e  d i s t a n c e  
between corresponding t u r n s  on t h e  two c o i l s  should equal  t h e  r a d i u s  of 
t h e s e  t u r n s .  Th i s  i s  i l l u s t r a t e d  i n  t h e  fol lowing f i g u r e .  Here the 
I f  t h e s e  t u r n s  are 
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r a d i u s  o f  each t u r n  as i t  i s  f a r t h e r  removed from p o i n t  P i s  inc reased  
i n  r a d i u s  s u f f i c i e n t l y  t o  keep t h e  r a t i o  b/b/2 = 2 .  The un i fo rmi ty  i s  
then maintained as w e l l  as i t  would be i f  only t h e  inne r  t u r n s  were 
considered.  
The t u r n s  w i l l  be  i n  t h e  proper  p ropor t ion  if t h e  bobbin (on which they  
are wound) i s  as shown w i t h  t a n  0 = 2,  8 = 6 3 . 4 3 ' .  
Cal cul a t i  ons o f  Field Off-Axis 
8 
Note t h a t  a l l  t h e  foregoing c a l c u l a t i o n s  of t h e  f i e l d  from a 
c i r c u l a r  loop were r e s t r i c t e d  t o  t h e  f i e l d  on the d s  of t h e  loop and 
t h e  un i fo rmi ty  w a s  considered along the axis onZy. 
t o  cons ide r  how t h e  f i e l d  v a r i e s  off the  &s. 
any simple way and f o r  t h i s  reason i s  usua l ly  l e f t  ou t  of most elementary 
texts and when found i n  advanced t e x t s  i s  obscured by t h e  d e r i v a t i o n s .  
I n  g e n e r a l ,  t h e  off-mis f i e l d  i s  given i n  terms of complete e l l i p t i c  
It i s  now necessa ry  
This cannot be done i n  
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i n t e g r a l s  o f  t h e  f irst  and second k inds  o r  of Legendre f u n c t i o n s .  A 
complete d i s c u s s i o n  may be found i n  Srnythe'l) on t h e  use of Legendre 
func t ions .  
An a r t i c l e  by Blewett(2)  develops t h e  o f f - a x i s  f i e l d  i n  terms 
of e l l i p t i c  i n t e g r a l s  and c o n t a i n s  a set of t a b l e s  u s e f u l  r a d i a l l y  ou t  
t o  t w i c e  t h e  r a d i u s  of t h e  loop but  extending along t h e  axis only t o  
0 . 3 6  t i m e s  t h e  r a d i u s ,  which l i m i t s  t h e  use fu lness .  (Note: formula.5 
of t h i s  paper is  i n  e r r o r  and should have (1/2) as coef .  of k r a t h e r  
than ( 1 / 2 ) ) .  
extended so leno ids  i n  terms of Legendre f u n c t i o n s .  These formulae g ive  
t h e  magnitude of t h e  f i e l d  components i n  t h e  x and y d i r e c t i o n s  and hence 
are q u i t e  u s e f u l ,  whereas, Smythe g ives  t h e  components i n  terms of t h e  
r a d i u s  v e c t o r  (r) and (e )  d i r e c t i o n s .  Formulas are given f o r  t h e  e n t i r e  
plane,  both where t h e  p o i n t  of i n t e r e s t  i s  f a r t h e r  away o r  c l o s e r  t han  
t h e  loop  r a d i u s .  A l a r g e  number of formulas i s  a l s o  given by Dwight 
i n  a l a t e r  a r t i c l e  f o r  t h e  o f f - ax i s  f i e l d  nea r  c y l i n d r i c a l  c o i l s  o r  
so l eno ids .  H e  develops t h e s e  i n  Legendre f u n c t i o n s ,  e l l i p t i c  i n t e g r a l  
f u n c t i o n s  and i n  r a p i d l y  converging i n f i n i t e  series wi th  recommendations 
of t hose  most u s e f u l  i n  v a r i o u s  s p e c i a l  r e g i o n s  around t h e  c o i l s .  I n  
t h e  same j o u r n a l  i n  a d i s c u s s i o n  of Dwight's paper ,  Welch(5) p r e s e n t s  
sets of u s e f u l  curves  f o r  f l u x  d e n s i t y  around c y l i n d r i c a l  c o i l s .  Where 
g r e a t  accuracy i s  n o t  r equ i r ed  t h e  information can be obtained q u i t e  
qu ick ly  from t h e s e  curves.  
2 2 
Dwight(3) develops several formulas f o r  both loops and 
( 4 )  
Probably t h e  b e s t  r e f e r e n c e  f o r  p rac t ica l  c a l c u l a t i o n  of mag- 
n e t i c  f i e l d s  (from t a b l e s )  i s  Har t (6 ) .  
he states: 
I n  t h e  i n t r o d u c t i o n  t o  h i s  volume 
"TO e v a l u a t e  t h e  magnetic f i e l d  of a c i r c u l a r  c u r r e n t  
a t  an a r b i t r a r y  p o i n t  i n  space has  o f t e n  been a t ed ious  
process .  The formulas ... are r a t h e r  involved expres- 
s i o n s  ... a s e p a r a t e  eva lua t ion  of t h e  magnetic f i e l d  
a t  each d e s i r e d  p o i n t  i n  space must be performed ... 
t h e  t a s k  may involve cons ide rab le  l a b o r .  The purpose 
of t h e  t a b l e s  ... is t o  reduce t o  a b a r e  minimum t h e  
t i m e  and e f f o r t  r equ i r ed .  ... The procedure c o n s i s t s  
of adding ... t h e  t a b l e s  apply t o  a l l  ... d i s t r i b u t i o n s . "  
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These t a b l e s  a r e  f a r  more e x t e n s i v e  and of a f i n e r  subd iv i s ion  
than any t a b l e s  publ ished p rev ious ly .  Any c i r c u l a r  c o i l  (or  number o f  
c o i l s )  can be e a s i l y  handled. For r eg ions  where t h e  f i e l d  i s  n e a r l y  
uniform an  accuracy of b e t t e r  t han  0.01% is  p o s s i b l e .  
accuracy i s  b e t t e r  than t h e  accuracy t o  which t h e  c o i l  dimensions can 
be measured. The f a c t  t h a t  d i s t r i b u t e d  c u r r e n t s  are included makes 
p o s s i b l e  t h e  a c c u r a t e  c a l c u l a t i o n  of t h e  f i e l d s  from c o i l s  of f i n i t e  
(and p r a c t i c a l )  and even l a r g e  winding c r o s s  s e c t i o n  s i z e .  
t i o n s  f o r  ea1 c o i l s  w i t h  ea1 dimensions can t h u s  be done wi th  g r e a t e r  
ease and accuracy than  could p rev ious ly  be done f o r  i d e a l i z e d  c o i l s .  
I n  a d d i t i o n ,  both t h e  r a d i a l  and a x i a l  f i e l d s  are given f o r  both on- and 
o f f - a x i s ,  t h u s  making p o s s i b l e  a t r u e  knowledge of t h e  uniformity of 
t h e  f i e l d  i n  a r ea l ,  p r a c t i c a l  r eg ion  of i n t e r e s t  t o  t h e  experimenter.  
Overall t h e  
The ca l cu la -  
A t y p i c a l  c a l c u l a t i o n  t o  i l l u s t r a t e  t h e  complexi t ies  (without 
t a b l e s )  of an o f f - a x i s  c a l c u l a t i o n  i s  given below. It w i l l  use  t h e  same 
c o i l s  as f o r  t h e  Helmholtz c o i l  c a l c u l a t i o n  p rev ious ly  given. 
I n  gene ra l  we wish t o  f i n d  t h e  o f f  a x i s  f i e l d  a t  t h e  p o i n t  Q. 
This  w i l l  c o n s i s t  of t h e  f i e l d  from loop 1 p l u s  t h e  f i e l d  from loop 2.  
Po in t  Q i s  d i s t a n t  from loop 1 by t h e  r a d i u s  v e c t o r  r 
s i m i l a r l y  r 
d i s t a n c e  a p a r t  (b  i n  t h i s  ca se )  w e  have: 
1 
Since loop 1 and 2 are a t  a f i x e d  
a t  ang le  8 1 
and O 2  f o r  loop 2. 2 
cos 8 = x /r  2 2 2  cos8 = x / r  1 1 1  
and 
x1 + x 2  = b . 






Adapting formulas (5) and (6) from Smythe pg. 271, we obtain: 
n-1 n+l -1 to m 2 1.3.5...n (;) Pn (cos 6 )  - -  r 
or 
H 




- -  - -  He 
or H 
1 to n+l - 
2 1.3.5.. .n 
(-I) n.2.4.6.. . (n-1) 
n odd 
where H = field on axis at r = b/2. 
0 
The field components have to be calculated for each loop at 
the point Q, the x and CJ components calculated and the two added, giving an: 
H/Hor along x and a H/H along P . or 
1 The field from loop 1 will have components in the r and 6 1 
direction; loop 2 will have components in the 1: and 9 direction. 
These will have to be summed along the x and radial (P) direction. 
2 2 
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If for convenience of calculation we choose the point Q above 
the center point P by the amount x/b = 0.5, we will have cos el = cos 8 
= cos (t) = m 2  i.e., 8 = 45" and the P components will cancel by 
symmetry. 
2 
The factor .7155 having been obtained by a previous calculation 
and is the value of the field from one loop on the axis at a distance 
equal to b/2, we now need to know the values for P 
Pn (cos e )  and P' (cos 0 )  are defined as follows: 
(cos e )  and PA (cos e).  n 
let cos e = u n 
P1(lJ)( = 11 
G- P (p), for -1 < u < + 1. 
du n 
and in general P'(v) = (1-11 ) n 
The recurrence formula for Pn(p) (see (8) pg. 334) or 
(Smythe (1) pg. 150) is 
= (2n+l)p pm - (m + n) pm p:+1 n n- 1 -(m - n - 
The recurrence formula may be used to obtain numerical values 
of Pn and P' quite accurately (except near zeros of P 
as to generate the analytic form of P 
and PA) as well n n 
and P' for higher values of n. n n 
P n - -  2n+l 
Thus 
= -  
'n+l n+l 11 'n n+l n-1 
and 
n+l p PA = - P' 2n+l = -  n n n-1 
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The v a l u e s  of  Pn and PA are n o t  p a r t i c u l a r l y  easy  t o  come by 
as t a b l e s  do n o t  g e n e r a l l y  inc lude  both  P 
va lues  f o r  n over  s a y  5 .  
P and P '  v a l u e s  shown i n  t h e  t a b l e  below d i r e c t l y  from t h e  r ecu r rence  
formulas .  No guarantee  of accuracy i s  claimed. For 1% accuracy probably 
a t  l eas t  two more terms should be computed b u t  t h e s e  va lues  w i l l  i l l u s t r a t e  
t h e  procedure.  
and P' nor  do they u s u a l l y  g ive  n n 
It w a s  necessary  t o  c a l c u l a t e  most of t h e  
n n 
Table  of Values f o r  Pn(v) ,  PA(v) (r/b)n-l and Numerical 




















































f a c t o r  
1 






(-1) of t e r m .  Sum 
-1 -. 70711 
+1 -. 13258 
-1 +.17608 
+1 +. 03467 
-1 - 04385 
+1 -.00879 -a68158 
- n+l Product 
(-1) of term. Sum 
-1 -. 70711 
+1 +. 39775 
-1 +. 09322 
+1 -. 09214 
-1 -. 02095 
+1 +. 02255 -. 30664 
From t h e s e  v a l u e s  w e  can o b t a i n  
- - -   I (-.6816) = +.9526 
Hr/Ho r .7155 
= + -  I (-.3066) = - .4285 He/Hor .7155 
These are  t h e  v a l u e s  a t  t h e  p o i n t  Q i n  t h e  1: and 0 d i r e c t i o n s  f o r  one 
loop  ( loop 1). 
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For both loops t h e  x and p components are given below: 
loop 1 loop 2 
Components ---f x P X P 
.9533 case, ,9533 s i n e  (-I-. 9533) (+cos81 , +. 9533 (-s ine)  
-.4288 ( - s ine ) ,  -.4288 (+case) ( - .4288) ( - s ine> ,  -.4288  C COS^) 
Hr/Hor 
He/Hor 
cos9 = s i n e  = f i / 2  = .707 
With t h e  s i g n s  chosen f o r  t h e  a p p r o p r i a t e  d i r e c t i o n s .  
Adding components i n  t h e  x and p d i r e c t i o n s  
t o t a l  
= 1.9532 
H X / H O r  
Hp/Hor = 0 ,  t h a t  i s ,  a t  t h i s  p o i n t  t h e  f i e l d  is h o r i z o n t a l  
o r  p a r a l l e l  t o  t h e  x-axis. 
This  compares t o  t h e  va lue  of H / H  a t  P ( i .e . ,  on t h e  a x i s  x or 
below Q) which i s :  
Hx!Hor= 1.432 
o r  
100 x = 26.7% 
HP 
P '  H is  26.7% g r e a t e r  t han  H Q 
I f  w e  do t h i s  same c a l c u l a t i o n  u s i n g  t h e  H a r t  t a b l e s  t h e  
work i s  g r e a t l y  s i m p l i f i e d  and t h e  chance of e r r o r  i s  g r e a t l y  reduced 
because fewer c a l c u l a t i o n s  are r equ i r ed .  
Thus, f o r  one loop, 
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I n  notatton 
previourly u r d  
t hen  form: Z = z/h 
R = r / h  
t a b l e  i s  i n  Z and R coord ina te s .  
Thus z = 1/2b 
h = 1/2b 
r = b  
Z = l  R = 2  Enter  t a b l e  I11 (Har t ) .  
and o b t a i n  FZ = 217.29 BZ = KI/h Fz 
FR = 80.84 BR = KI/h FR 
We must a l s o  o b t a i n  t h e  f i e l d  a t  P ( o u r s ) ,  O(Hart) he re .  
z = 1 / 2  h = 0. This  r e q u i r e s  t h e  u s e  of Hart's t a b l e  I V  i n  terms of  W. 
r = b  
z = 1 /2b  
w = r / z  = 2 
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G = 449.59 
= K I G / r  = KIG/b where I = c u r r e n t  BZ 
K = cons tan t  f a c t o r  
Forming t h e  r a t i o s  as b e f o r e  
r FZ H 
H 
- -  - 2 - f o r  one loop. 
G o r  
o r  
f o r  two loops.  r FZ 
H 
H 
- -  - 4 -  G o r  
He 0 FR - 2 - f o r  one loop and because o f  symmetry - = G H S i m i l a r l y ,  - 
'e 
o r  o r  H 
f o r  two loops .  
= 4 217*29 = 1,9332 
Hr/Hor 449.59 
This  compares t o  1.9532 t h e  v a l u e  ob ta ined  by t h e  summation 
of t h e  two series i n  Legendre polynomials t h e  small d i f f e r e n c e  being due 
t o  t h e  f a c t  t h a t  only 6 terms (odd, 1 t h r u  11) were summed. It can be 
seen c l e a r l y  t h a t  t h e  amount of t i m e  r equ i r ed  us ing  t h e  Hart t a b l e s  i s  
only a f r a c t i o n  of t h a t  r equ i r ed  i n  f i n d i n g  t h e  series sum. 
The Hart t a b l e s  can be used f o r  a d i s t r i b u t e d  winding of 
r e c t a n g u l a r  c r o s s  s e c t i o n  and c i r c u l a r  symmetry ( c y l i n d r i c a l )  of any 
relative s i z e  i n  a s imilar  f a sh ion .  The on ly  complexity added is t h a t  
f o u r  v a l u e s  have t o  be determined ( e s s e n t i a l l y  one f o r  each corner  of 
t h e  c o i l )  and combined by w e l l  def ined simple r u l e s  i n  o rde r  t o  d e t e r -  
mine t h e  r a d i a l  and a x i a l  f i e l d  components. 
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Using the Hart tables, a plot of values of the field for a 
series of points can be made and the region of desired field uniformity 
can be determined to a first approximation by inspection. This can 
then be improved by the calculation of a series of additional points 




Some useful information on Helmholtz coils has been reported 
by Wolff"). He gives the following regions of uniformity. 
0 
Spherical region Cylindrical region 
r = 0.1R 0.02% uniformity 1% uniformity 
r = 0.2R 0.2% uniformity 1 = 0.6r r = .25R 
or 
1 = 0.4r r = 0.35R 
5% uniformity 
1 = 1.0r r = 0.4R 
or 
1 = 0.5r r = 0.5R 
0.1% uniformity 
1 = 0.2r r = 0.2R 
or 
1 = 0.3r r = 0.15R 
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The assumption i s  made h e r e  t h a t  t h e  c o i l  c r o s s  s e c t i o n  is 
very sma l l  compared t o  t h e  c o i l  diameter .  This  i s  not a r e s t r i c t i o n  
where u t i l i z i n g  t h e  Hart t a b l e s .  
A c a l c u l a t i o n  f o r  a p r a c t i c a l  s i z e  Helmholtz p a i r  of c o i l s ,  
c i r c u l a r  and spaced one r a d i u s  a p a r t ,  of f i n i t e  size coiZ cross section 
i s  given below. The c a l c u l a t i o n s  are done us ing  t h e  Hart t a b l e s  and 
t h e  d e t a i l s  of t h e  c a l c u l a t i o n  a r e n o t  shown. The r e s u l t i n g  f i e l d  a t  
f o u r  p o i n t s  i s  given. 
chosen f o r  a Helmholtz p a i r  and t h e r e f o r e  may prove u s e f u l .  
The r eg ion  chosen is  much l a r g e r  than i s  g e n e r a l l y  
d = 50 cm ( c o i l  d i a )  
s = 20 cm ( c o i l  spacing-inside)  
1 = 5 c m  ( c o i l  l e n g t h )  
t = 0.90 cm ( c o i l  t h i c k n e s s )  
h = 10 cm 
I = 1 .0  amp ( c u r r e n t  i n  c o i l )  
N = 50 each (number of t u r n s )  
wire s i z e  /I19 enameled. 
I 2 J = c u r r e n t  d e n s i t y  i n  c o i l  = N 
Coordinates of p o i n t s  where f i e l d  i s  c a l c u l a t e d  ( o r i g i n  a t  
= 109.65 amps/cm . 
c e n t e r  of c o i l  p a i r ) .  
Po in t  Z r = h  
I 0 0 
I11 10  c m  0 
I1 0 1 0  c m  
I V  10 c m  1 0  c m  





Z measured from p o i n t s  I through IV t o  corner  p o i n t s  A through D. 
r measured from c o i l  a x i s  t o  p o i n t s  A through D. 
The f l u x  d e n s i t y  c a l c u l a t e d  a t  t h e  p o i n t s  I, 11, 111, and IV 
is  given below. 
d i r e c t i o n .  
B i s  i n  t h e  a x i a l  d i r e c t i o n  and Br i s  i n  t h e  r a d i a l  
Z 
B Z (gauss) Br (gauss) 








If w e  consider  p o i n t  I ( a t  t h e  c e n t e r  of t h e  p a i r )  as t h e  
p o i n t  from which we compute d e v i a t i o n s  w e  f i n d ,  
P o i n t  I1 1 . 7 %  low 
I11 2.7% l o w  
IV 2.6% high 
and a r ad ia l  f i e l d  a t  p o i n t  IV amounting t o  less than 1/30 of t h e  
c e n t e r  f i e l d .  
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This shows t h a t  i f  an inhomogeneity of about 3% can be t o l e r a t e d  
a very l a r g e  volume i s  u s a b l e  i n s i d e  a Helmholtz p a i r .  The c y l i n d e r  
l e n g t h  extending from t h e  f a c e  of one c o i l  t o  t h e  o t h e r  i n  t h i s  case 
i s  equa l  t o  40% of t h e  c o i l  r a d i u s  and with a r a d i u s  equa l  t o  20% of 
t h e  c o i l  r a d i u s .  
For b e t t e r  than 3% homogeneity we have a c y l i n d e r ;  1 = 0.8R, 
r = 0 .2R.  
The a b s o l u t e  va lue  of t h e  f l u x  d e n s i t y  can be a d j u s t e d  t o  any 
d e s i r e d  va lue  by a d j u s t i n g  t h e  c u r r e n t  i n  t h e  c o i l s ,  s u b j e c t  only t o  
ove rhea t ing  of t h e  c o i l s  by I R l o s s e s .  2 
Other Coil Configurat ions for  Uniform F i e l d s  (more than two l o o p s r  
So f a r  w e  have discussed only t h e  ve ry  simple c o n f i g u r a t i o n  
of a s i n g l e  loop o r  two loops placed wi th  t h e i r  c e n t e r s  one loop-radius  
a p a r t ,  t h e  so-cal led Helmholtz conf igu ra t ion .  
This c o n f i g u r a t i o n  produces a region of r e l a t i v e l y  small volume 
of uniform f i e l d  compared t o  t h e  t o t a l  r eg ion  occupied by t h e  two c o i l s .  
B y - t h e  a d d i t i o n  of more loops i t  w a s  r e a l i z e d  long ago t h a t  a g r e a t e r  
re la t ive volume of uniform f i e l d  could be produced. This  comes about 
by t h e  f a c t  t h a t  more parameters  are a v a i l a b l e  f o r  adjustment (such 
as loop r a d i u s ,  loop spacing,  loop c u r r e n t  and number of loops)  t o  
o b t a i n  t h e  d e s i r e d  uniformity.  
Many d i f f e r e n t  c o n f i g u r a t i o n s  are p o s s i b l e  once w e  a l low 
m u l t i p l e  c o i l s .  
and numbers of t u r n s .  One i n t e r e s t i n g  conf igu ra t ion  which i s  non- 
c i r c u l a r  i s  t h e  square f i v e  c o i l  arrangement known as t h e  Rub.ens c o i l ,  
Rubens (lo). 
i n  l i n e ,  forming a cube. The number of t u r n s  on each of t h e  c i o i l s  i s  
then  s e l e c t e d  t o  g ive  t h e  l a r g e s t  p o s s i b l e  r eg ion  of uniform f i e l d  i n  
t h e  i n t e r i o r .  A r e l a t i v e l y  simple d e r i v a t i o n  i s  employed t o  o b t a i n  t h e  
r e q u i r e d  number of ampere-turns f o r  each c o i l .  By choosing d i f f e r e n t  
c r i t e r i a  f o r  uniformity many d i f f e r e n t  sets of v a l u e s  f o r  t h e  cu r ren t -  
t u r n s  r a t i o  may be found. The p a r t i c u l a r  se t  chosen f o r  computation i n  
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Most of t h e s e  u t i l i z e  c i r c u l a r  c o i l s  of va ry ing  spacings 
This  c o n f i g u r a t i o n  has f ive e q u a l l y  spaced square c o i l s  
this paper is 19:4:10:4:19. If the coils are series connected the 
number of  turns in each coil is then made proportional to these numbers. 
T d 
I 
Schematic arrangement of Ruben’s Coil. 
Integers are proportional to the ampere-turns in each loop. 
If x and y are measured as shown, the ratio of the field at 
x and y to that at the center is as shown in the table abbreviated from 
Rubens. 
Table of Hx /Hoo 
I 
Y/(d/2>3 o 0.2 0.5 
1.000 1.003 1.009 
,9997 .9995 .997 
,9990 1.0005 .996 
A s  can be seen over this whole region, the fie1 does not 
deviate from that at the center by more than 4 parts per 1000 or 0.4%. 
For a 1% deviation he shows that the volume of homogeneity can be about 
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seven times greater for the cube coil than for a Helmholtz pair of the 
same diameters as the cube coil edge (d). Similar comparisons are made 
for other percent deviations. 
into account the finite size of the coils (distributed windings). Some 
reasonable approximations can be made for the practical case which should 
permit results very close to those given by Rubens. 
approximate methods will be treated in later sections. 
The analysis given by Rubens does not take 
Discussion of 
Another interesting system using three circular coils having 
the same coil-forms (bobbins) and of finite winding cross section is 
that given by Barker'll). This paper is especially valuable because it 
considers carefully, very practical and significant problems such as 
the wire size, the insulation size, the similarity of coils forms and 
other fine points of coil winding and construction. A complete set 
of formulae are developed taking into consideration just these points 
and examples of their use in the construction of a real system is given. 
The starting point of his system is given. 
derivation is the standard expansion of the field in a series of 
Legendre polynomials in which the coefficients of two of these terms 
is made equal to zero (this will be discussed more fully later). 
diagram of the coil system is shown below. 
The starting point of his 
A 
I 
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A l l  t h r e e  coil-forms o r  bobbins are e x a c t l y  t h e  same. 
one-half t h e  number of t u r n s  of t h e  o u t e r  c o i l s .  
The c e n t e r  w i th  
un i fo rmi ty  
Ymax 
The uniform f i e l d  r eg ion  is  roughly twice t h e  l i nea r  dimensions 
(approx. 8 t i m e s  t h e  volume) of a Helmholtz p a i r  u s ing  t h e  two o u t e r  
c o i l s .  
max 
Typical  va lues  f o r  t h e  e x t e n t  of t h e  f i e l d  un i fo rmi ty  are given 
i n  t h e  t a b l e  from Barker: 
Approximate c o i l  s e p a r a t i o n :  x = 0.76a. 
Adjusted by c a l c u l a t i o n  t o  g i v e  d e s i r e d  uniformity.  
0 
This  i s  one of t h e  ve ry  f e w  ar t ic les  which t a k e s  i n t o  account 
t h e  p r a c t i c a l  c o n s t r u c t i o n  problems of a c o i l  w i th  f i n i t e  winding depth 
and l e n g t h .  It should be s t u d i e d  f o r  t h i s  information even i f  a d i f f e r e n t  
c o n f i g u r a t i o n  i s  u l t i m a t e l y  chosen. 
El 1 i pso i  dal Coi 1 
A c o i l  can be cons t ruc t ed  i n  t h e  shape of an e l l i p s o i d . - o f  
r e v o l u t i o n  i n  which t h e  magnetic f i e l d  i s  uniform i n  t h e  d i r e c t i o n  of t h e  
a x i s  of symmetry throughout t h e  whole internu2 voZme,.see B l e w e t t  (2) . 
I n  c y l i n d r i c a l  coord ina te s  t h e  equat ion of t h e  e l l i p s o i d  i s :  
= 1  p 2  z2 - + -  
a2 b2 
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I '  
iP 
If the winding has constant current density and the wall thick- 
ness in the radial direction is held constant (dp = c) by varying the 
wall thickness the field inside will be uniform in the z direction. In 
a real coil (dp)max must be very small with respect to a or b, whichever , 
is smaller for this simple condition to hold. A coil of this configura- 
tion would be very difficult to build and since it completely envelops 
the internal volume prohibits access to that volume. 
(above and below z = 0) could be made so that the halves could be separated 
the coil form along that surface would have to be of negligible thickness. 
Blewett discusses configurations derived from this shape (pancake, sphere 
and infinite solenoid), their energy storage and power consumption. 
While two coils 
A comparison of circular coil systems with from one to 8 loops 
is given by Pittman and Waidelich(12). In this paper they also develop 
the equations for coil size, spacing and current to achieve the maximum 
uniform region in a four loop coil arrangement. 
- 49 - 
It is pertinent here to give a rather full review of the 
numerous coil arrangements which they discuss because as far as I know 
no other single paper discusses so many different arrangements. 
Fifteen different systems are described; from a single loop 
(Amper:), two loops (Helmholtz), three loops . (Barker, Maxwell and their 
own "minimum" solution, 4 loops (5 varieties), 6 loops (three varieties) 
and 8 loops (2 varieties). 
Their notation is somewhat different from that used elsewhere, 
but involves the use of a Lengendre polynominal expansion of the magnetic 
field from a loop. 
If the origin is at "O", radius of the loop b sin a, the 1 
distance from the origin to the center of the loop cos a = X, then the 
magnetic field on the axis H is: 
W 
H = 1 a Zn where Z is the distance along the axis n n=O from the origin. 
where 
2 NI (1-x ) 
a =  (X) 
2bn+l n 
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and 
and Pn(X) is the nth order Legendre polynomial with argument X = cos ci 
and PA+1 is the derivative. 
Two or more coils on a common axis may be used to produce a 
more uniform or homogeneous magnetic field than is possible with one 
coil. 





N I (l-X2)  
1 1  a =  
n by" 
2 N I (l-X2) 
by" 
2 2  p,1+p + p,l+l 
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These equa t ions  are shown, n o t  because they  w i l l  be  used by 
US f o r  c a l c u l a t i o n  b u t  r a t h e r  t o  show t h e  method of o b t a i n i n g  a uniform 
f i e l d .  
I f  w e  w i l l  w r i t e  t h e  equat ion f o r  t h e  magnetic f i e l d  f o r  
4 c o i l s  as below. 
H 2 4 a 10 
a 2 4 10 - =  11 + a z + a z + a6z6 + agZ + a z . . . I  
0 
We o b t a i n  t h e  r a t i o  of t h e  f i e l d  a t  Z i n  terms of t h e  f i e l d  a t  
2 = 0 i . e . ,  t h e  o r i g i n .  A t  t h e  o r i g i n  H = a . What we want t hen  i s  f o r  
H / a o  t o  be independent of Z ,  i . e . ,  H/ao  = 1. 
0 
This can b e  accomplished t o  a ve ry  h igh  degree of accuracy, 
because of two f a c t o r s  o p e r a t i n g  i n  our f avor .  F i r s t ,  t h e  series i s  
convergent,  each term i s  success ive ly  smaller than  t h e  one preceding it .  
Second, several parameters  are a v a i l a b l e  which can b e  a d j u s t e d ,  namely, 
t h e  r a d i u s  of t h e  c o i l s  r = b s i n  a and 1: = b2 s i n  (x by a d j u s t i n g  
a ;  t h e  s e p a r a t i o n  of t h e  c o i l s  x =cos a and x = cos a and f i n a l l y ,  
N I and N I t h e  t u r n s  c u r r e n t  product i n  t h e  two p a i r s  of c o i l s .  It 
t u r n s  ou t  t h a t  t h i s  number of parameters i s  j u s t  s u f f i c i e n t  ( f o r  p a r t i c u l a r  
va lues  of t h e s e  parameters) as a a . and a can be made zero and even make 2’ 4 6 
some adjustment i n  a t o  make i t  a minimum. Hence, we have 
1 1  1 2 2 
1 1 2 2 
1 1  2 2  
8 
H 8 - =  11 + o + o + o + a8Z + a l O ~ l 0  + . . . I  a 
0 
o r  
4 
[I + a8Z 1 approximately s i n c e  a z10 e t c .  are ve ry  small. H a 1 0  - =  
0 
c o i l s  are 
p a i r  t hus  
A similar s i t u a t i o n  e x i s t s  f o r  t h r e e  c o i l s .  Here t h e  two i n n e r  
brought t o g e t h e r  t o  form a s i n g l e  c e n t e r  c o i l  p l u s  an o u t e r  
becoming e f f e c t i v e l y  t h r e e  loops.  
A modified p o r t i o n  of t h e  t a b l e  given i n  Pit tman and Waidelich 
i s  shown below. The Barker 3 and 4 c o i l  con f igu ra t ions  are given i n  
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preference to several others because of the desfrabflfty of equal loop 
diameters. Some of  the other configurations have the loops  on the surface 
of a sphere or other non-equal diameters with little or no advantage in 
the volume of uniformity. 
configurations also given,compared to the Barker configurations while 
complexity of construction is increased. 
3 and 4 loops are not as good as the Pittman and Waidelich configuration 
since the a and a terms are not minimum (in the 3 and 4 coil configura- 
and a terms are made zero. tions respectively) but the a 2, a4 and a 
By requiring equal diameter we do not have freedom to minimize the a or 
a 
diameters. 
Very little advantage is gained by the m i n i m  
The Barker configurations, of 
6 8 
2’  a4 6 
6 
terms but we have the space and construction advantages of equal 8 
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Three of these coif configurations are shown in the same scale 
with their approximate dimensions, spacing,and the extent of uniform field for 
1 = I2 nonunifonnity and lom2 nonuniformity. For series connection I 
and turns ratio is shown. 
The radius of all coils is chosen to be the same in the figures. 
The extent of the uniform field for the three configurations are, at 1%, 
very roughly in the ratio 3/8/10 in the order shorn for same loop diameters. 
As can be seen from the table the Pi,ttman & Waidelich configurations 
for 3 and 4 coils are very smiilar to the Barker coils but the coil pairs are 
slightly different in diameter. 
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Now t h e r e  are v a r i o u s  r e l a t i o n s h i p s  between t h e  q u a n t i t i e s  
shown and those  u s e f u l  i n  c o n s t r u c t i n g  o r  des ign ing  a set  of c o i l s ,  t h e s e  
are r e l a t e d  t o  t h e  f i g u r e  shown. 
Then : 2 x = cos a 1 2 x = cos a 1 
r = b s i n  a 1 1  
dl = b cos a 1 
2 
2 
r = b s i n  a 
d = b cos a 
1 2 2 
1 2 2  
Z = b (constant  f o r  c o i l s )  2 
and from t h i s  
and 
d2 = r / t a n  a2 1 2 dl = r / t a n  a 1 
2 2 z = ( r  / s i n  a ) (constant  f o r  c o i l s )  
b 
The cons t an t  f o r  t h e  c o i l s  has  t o  be determined from t h e  
Pit tman and Waidelich computation f o r  t h e  degree of inhomogeneity permit ted 
and f o r  t h i s  equa l  t o  1 0  t h e  cons t an t  i s  given i n  the  t a b l e .  For o t h e r  
va lues  w e  must c a l c u l a t e  t h e  cons t an t  from t h e  %values given i n  t h e  t a b l e .  
-5 
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The E ' s  (E and B ) for the three and four coil configurations 6 8 
can be used to calculate the extent of field (Z/bm) for any desired 




In the case 
let AH/H = -01 (I%), 
of the Barker 4 loop configuration 
then B8 = 7.828. 
Then 
and 
(Z/b2) = 0 .435  for 1% homogeneity. 
For the Barker 3 loop configuration 
B = -  3.214 AH/H = .oi 
6 
and 
= 0.382 for 1% homogeneity 
The 1% and regions are shown in the figure for Helmholtz 
and Barker 3 and 4 coil configuration and are indicated by the dotted and 
solid lines respectively. 
Using these formulas and the abbreviated table given here three 
or four coil configurations can be readily designed to obtain any size 
field with the desired degree of homogeneity. 
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Loops o f  F i n i t e  Cross Section (Distributed Currents and Approximations) 
For the  most p a r t ,  t h e  d i s c u s s i o n  of va r ious  loop configura-  
t i o n s  has considered the  windings t o  b e  of i n f i n i t e l y  s m a l l  c r o s s  s e c t i o n a l  
a r e a  wi th  the  except ion of t h e  Barker C o i l s  and t h e  Hart t a b l e s .  I n  r ea l  
l i f e ,  c o i l s  windings have f i n i t e  c r o s s  s e c t i o n s  and wh i l e  this  can be ac- 
c u r a t e l y  taken i n t o  account by i n t e g r a t i n g  over t h e  area, assuming a uni- 
form c u r r e n t  d e n s i t y ,  i t  i s  o f t e n  u s e f u l  t o  have an approximation t o  s i m -  
p l i f y  c a l c u l a t i o n s  i n s t e a d  of an i n t e g r a t i o n  t o  complicate them. L e t  us 
make some s i m p l e  assumptions and see what approximations w i l l  be  u s e f u l .  
I 
The magnetic f i e l d  a t  p o i n t  P on t h e  a x i s  of a l o o p  is given by 
p o i  b2 b2 = 27ri - 
axis 3 (MKS) H 
= -  -
r3 r a x i s  
H 
I n  e i t h e r  case,  t h i s  may be w r i t t e n  as 
b2 H = K  - 3 r 
To i l l u s t r a t e  how w e  can make an approx-,nation f o r  i n i t e  d i -  
mensions of a c o i l  winding w e  w i l l  make the  following c a l c u l a t i o n .  This  
c a l c u l a t i o n  shows . that  under c e r t a i n  cond i t ions ,  by using t h e  average 
dimensions of a f i n i t e  winding good accuracy can s t i l l  b e  obtained.  
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I n  t h e  f i g u r e  below w e  have a c o i l  of  dimensions as shown. 
b i s  t h e  o u t e r  r a d i u s ,  b t h e  i n n e r  r ad ius ,  b t h e  average r a d i u s  = 
(b 
t h e  c o i l  i s  [ ( r  - bl) - ( r 2  - b2) I .  
1 2 a 
+ b2) /2 ,  t h e  r a d i a l  width of t h e  c o i l  i s  (b - b2) and t h e  l e n g t h  of 1 2 2 112 2 2 112 1 
1 
The v a l u e  of t h e  f i e l d  a t  t h e  p o i n t  P from loop ,  i s  
b: H = K -  3 
1 r 
1 
and f o r  loop 2 i s  
whi le  t h a t  due t o  bo th  i s  
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b i s :  
Whereas t h e  value of H due t o  two loops of average r and average 
2 b: 
a 3 r a 
H = ; K -  
and the  f r a c t i o n a l  e r r o r  i n  H made by t h i s  approximation i s  
a 
H - H  H 
H H 
a -   I - -  f r a c t .  e r r o r  = 
We then have t o  e v a l u a t e  Ha/H, l e t  
2 A r = r  - r  - b2 1 Ab = bl 
and 
i s  
t h e  f r a c t i o n a l  change i n  H due t o  approximation of average b and r, t h e  
K ' s  c ance l l i ng ,  then f o r  
2b = bl + b2 a 
- b2 2ba= bl 
A r  r = r  - -  Ab 
2 a 2  b 2 = b  a 2  - -  
This  becomes 
2b i  




3 3  
rl r, 
I L  
2 3  2 3  b r + b2rl  1 2  
s u b s t i t u t i n g  f o r  r and r 
and ra and A r  w e  o b t a i n ,  
b and b2 t h e i r  v a l u e s  i n  terms o f  b a and Ab 1 2 '  1 
Ar 3 A r  3 
H 2 b i  ( r a  + ( r a  - 1) 
- a - -  
3 Ab 2 A r  3 Ab 2 A r  3 
a r (ba + F> ( r a  - 2-1 + (ba - F )  ( r a  + y) 
H 
Carrying o u t  some a lgeb ra  and assuming t h a t  
Ab A r  
a a b 
_ -  _ -  
r 




- - -  a 
( 1  +r) Ab 2 (1 - 2b) Ab 3 + ( 1  Ab 2 ( 1  + T I  Ab 3 
a a a a 
which reduces t o  
a Ab 2 H 
H 
- -  - (1 - (-1 ) exactly 
2b a 
Ha .Ab 2 1 Ab 2 
H The f r a c t i o n a l  e r r o r  = 1 - - = ‘2b) = x  (c) a a 
For  a f r a c t i o n a l  e r r o r  of 1% = . 0 1  
Ab 1 - must be  5 0.2 5 -wh ich  i s  q u i t e  generous 5 b a 
and f o r  a f r a c t i o n a l  e r r o r  of 0.1% = .001 
b 1 
a 
-must  be  I .0632 < -which i s  n o t  bad. b - 16 
This  s a y s  t h a t  f o r  a l l  p r a c t i c a l  purposes  i f  the c o i l  c r o s s  
s e c t i o n  dimensions are  less than  1 /16  0 f . b  o r  r w e  may s u b s t i t u t e  f o r  
t h e  c o i l  c ros s  s e c t i o n  t h e  dimensions of i t s  center w i t h  very l i t t l e  l o s s  
i n  accuracy. Ca lcu la t ions  may s i m i l a r l y  be  made f o r  of f -ax is  f i e l d s  i f  
the d i s t a n c e  from t h e  p o i n t  i n  ques t ion  t o  t h e  c o i l  i s  s m a l l  compared t o  
t h e  extent of t h e  c o i l  c r o s s  s e c t i o n .  
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A s  w i t h  a l l  approximations,  care must be observed and an oc- 
c a s i o n a l  check made of t h e  e r r o r  occur r ing  i n  making t h e  approximation. 
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CHAPTER 4 
PERMANENT MAGNETS 
Permanent magnets as mentioned i n  t h e  f i r s t  chap te r  w e r e  known 
as e x c i t i n g  c u r i o s i t i e s  long b e f o r e  magnetic f i e l d s  were a s s o c i a t e d  w i t h  
c u r r e n t s  o r  moving charges.  The e a r l y  permanent magnets w e r e  r e l a t i v e l y  
weak. Today, w i t h  modern materials, f l u x  d e n s i t i e s  t o  10,000 gauss  
( 1  weber/m ) (being c h i e f l y  l i m i t e d  by t h e  s a t u r a t i o n  of s o f t  i r o n  p o l e  
p i e c e s )  and f i l l i n g  a i r  gap volumes t o  many cubic  cen t ime te r s  are p o s s i b l e .  
A pre l imina ry  example t o  o b t a i n  some i d e a  of t h e  s i z e  and weight of 
magnets r equ i r ed  t o  produce a given f l u x  i n  a s p e c i f i c  a i r  gap i s  g iven  
2 
The dimensions are: 
B 
L = l eng th  of working gap = 2 c m  
= f l u x  d e n s i t y  i n  gap = 4000 gauss  
g 
g 
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= l e n g t h  of magnet, min = 14.5 c m  m 
max 
L 
A = max c r o s s  s e c t i o n  area = 16 .3  c m  
D = e x t e r n a l  diameter  magnet = 1 2  c m  
2 
3 
= v o l  magnet 300 cm m V 
Weight of magnet (Alcomax 111) equals  approximately 2.2 Kg ( 4 . 8  l b s ) .  
This  magnet produces a f l u x  d e n s i t y  i n  the gap, 2 cen t ime te r s  
2 
long  by about 2 cen t ime te r s  diameter  of 4000 gauss  (0 .4  webers/m ) .  
This  i s  a r e l a t i v e l y  l a r g e  f lux  dens i ty  i n  a volume of about 6.3  c m  
from a magnet weighing less than  5 pounds. Rule-of-thumb formulas f o r  
p ropor t ion ing  magnets t o  o t h e r  s i z e s  show f o r  a g iven  f l u x  d e n s i t y  i n  
t h e  gap t h a t  
3 
l eng th  of magnet a t o  l eng th  of gap 
area of magnet a t o  ( l eng th  of gap) 
hence,  vo l .  of magnet a t o  ( l eng th  of gap) 
2 
3 
Thus, t o  double t h e  gap l eng th  would i n c r e a s e  t h e  magnet l e n g t h  
by a f a c t o r  of 2, t h e  c ros s  s e c t i o n a l  area by 4 and t h e  volume and weight  
by 8 .  
A s  can be  seen,  f o r  very  l a r g e  f l u x  d e n s i t i e s  and working gap 
volumes, t h e  magnet volume i n c r e a s e s  very  r a p i d l y  because of t h e  cub ic  
r e l a t i o n s h i p .  
which must be f i l l e d  w i t h  t h e  f l u x .  
This  i s  expected however, because i t  i s  the gap volume 
Two ques t ions  now arise.  One, i s  t h e  magnetic f i e l d  produced 
by a permanent magnet any d i f f e r e n t  from t h a t  produced by dc c u r r e n t  
ca r ry ing  c o i l s ?  And two, where does t h e  magnetic f i e l d  come from i n  
a permanent magnet? The f i r s t  ques t ion  can be  answered c a t e g o r i c a l l y  
no. There i s  no way t o  d i f f e r e n t i a t e  one k ind  of magnetic f i e l d  from 
t h e  o the r .  The method of producing t h e  f i e l d  g ives  no p r o p e r t i e s  t o  t h e  
f i e l d  which can be  a t t r i b u t e d  t o  t h e  way i n  which i t  w a s  produced al though 
i t  may be more convenient t o  produce a f i e l d  by one means r a t h e r  t han  
another .  F i e l d s  produced by permanent magnets r e q u i r e  no power supply ,  
they  are compact, they are s t a b l e .  I f  a c o i l  a lone  (wi th  no i r o n )  was 
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used t o  produce a f i e l d  of  t h e  f l u x  d e n s i t y  i n  t h e  example above very 
h igh  c u r r e n t s  would be r equ i r ed  and a g r e a t  amount of h e a t  would be  
genera ted  i n  t h e  c o i l .  This  would l e a d  t o  complicat ions i n  the  appara- 
t u s  t o  remove t h e  h e a t  s o  t h a t  i t  would n o t  e f f e c t  any b i o l o g i c a l  m a -  
t e r i a l s  i n  t h e  reg ion .  However, t h e  magnetic f i e l d  produced would have 
t h e  same p r o p e r t i e s  as t h e  f i e l d  from t h e  permanent magnet. The des ign  
of  t h e  magnet and i t s  p o l e  p i e c e s  determine t h e  f l u x  d e n s i t y  and t h e  
uni formi ty  of t he  f i e l d ,  b u t  the e f f e c t  of any f l u x  dens i ty  on 
any material  whatever has been shown t o  be the  same,however t h a t  f i e l d  
w a s  produced. 
Then, except  very  c l o s e  t o  t h e  w i r e s ,  t he  e x t e r n a l  magnetic f i e l d  w i l l  
look  l i k e  t h a t  of a permanent magnet of t h e  same s i z e .  Two such c o i l s  
w i l l  produce f o r c e s  on each o t h e r  which are t h e  same as t h e  f o r c e  pro- 
duced by two b a r  magnets. The c o i l  of wire w i l l  behave as i f  i t  had 
two p o l e s  n e a r  t h e  ends j u s t  as t h e  b a r  magnet behaves. I f  t he  c o i l s  
and b a r s  were c a r e f u l l y  propor t ioned  and camoulflaged they could no t  be 
d i s t i n g u i s h a b l e  from each o t h e r  by t h e i r  a c t i o n s  o r  t h e  f i e l d s  they 
produced. How then  does t h e  magnetic f i e l d  of t h e  permanent magnet come 
about? I n  a very  s i m p l i f i e d  way l e t  us  look  a t  t h e  s t r u c t u r e  of matter 
A l l  matter c o n s i s t s  of atoms, each atom c o n s i s t i n g  of a nucleous sur-  
rounded by a cloud of e l e c t r o n s  of nega t ive  charge.  These e l e c t r o n s  can 
be  cons idered  t o  be  r o t a t i n g  i n  o r b i t s  a t  very h igh  v e l o c i t i e s  bo th  
clockwise and counterclockwise.  Each e l ec t ron ,  a l though of  a very s m a l l  
charge ( t h e  smallest known, a u n i t  charge) w i l l ,  w i t h  i t s  h igh  v e l o c i t y ,  
produce a magnetic f i e l d  similar t o  t h a t  shown i n  t h e  f i g u r e  on t h e  next  
page. I n  some materials, i r o n  and o t h e r  fe r romagnet ic  materials, many 
of  t h e s e  atoms w i l l  be  cons t r a ined  by c r y s t a l  l a t t i c e  f o r c e s  t o  have 
t h e  r e s u l t a n t  of the  f i e l d s  from t h e i r  e l e c t r o n s  p o i n t i n g  i n  t h e  same 
Suppose w e  wind a c o i l  of w i r e  around a wooden cy l inde r .  
d i r e c t i o n .  
na ted  magnet ic  domains and are l a r g e  enough t o  be  seen  w i t h  a microscope. 
A r a t h e r  thorough and mathematical  t rea tment  i s  g iven  i n  Hadf ie ld  . 
The d i r e c t i o n  of t h e  f i e l d s  of t h e s e  domains are randomly o r i en ted .  
These groups of  atoms w i t h  a n e t  magnet ic  f i e l d  are desig-  
(1) 
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But t h e  r e s u l t a n t  magnetic f i e l d s  of t h e s e  domains can be a l igned  by 
t h e  a p p l i c a t i o n  of an e x t e r n a l  magnet f i e l d .  When t h e  e x t e r n a l  f i e l d  i s  
removed t h e s e  domains remain a l igned  and t h e i r  magnetic f i e l d s  add up 
t o  produce a l a r g e  r e s u l t a n t  magnetic f i e l d .  The material has become 
a permanent magnet. E s s e n t i a l l y  what w e  have done i s  t o  a l i g n  e l e c t r o n s  
moving i n  o r b i t s  producing what can be considered as a n e t  c u r r e n t  s h e e t  
f lowing on the  s u r f a c e  of t he  material. Thus, i f  we consider  a cy l in -  
d r i c a l  b a r  magnet w e  v i s u a l i z e  a c y l i n d r i c a l  cu r ren t  s h e e t  on the s u r -  
f a c e  of t h e  magnet. Hence, w e  should not b e  astonished t o  f i n d  t h a t  a 
c o i l  of w i r e  wound on a wooden rod w i l l  produce the  same e x t e r n a l  f i e l d  
as a permanent b a r  magnet. This  exp lana t ion  i s  admit tedly ove r s impl i f i ed ,  
b u t  even t h i s  s i m p l e  d e s c r i p t i o n  w i l l  account f o r  t h e  f a c t  t h a t  when a. 
permanent magnet i s  broken i n  h a l f  two permanent magnets are produced 
and n o t  s e p a r a t e  po le s .  
poses a u s e f u l  f i c t i o n .  
ne t i sm are n o t  e n t i r e l y  s a t i s f a c t o r y  and do n o t  approach t h e  r i g o r  and 
completeness ob ta ined  w i t h  t h e  theory of magnetic f i e l d s  from c u r r e n t s  
Magnetic p o l e s  are a f i c t i o n ,  bu t  f o r  some pur- 
Even t h e  most modern t h e o r i e s  of permanent mag- 
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i n  conductors.  However, i t  i s  n o t  necessary t o  know o r  Understand t h e  
o r i g i n  of t h e  magnetic f i e l d  of a permanent magnet t o  be a b l e  t o  use i t  
o r  even t o  design i t .  
Permanent magnet materials most s u i t a b l e  f o r  c o n s t r u c t i n g  
l a b o r a t o r y  magnets are those  known as t h e  a l n i c o s .  Alino magnets are 
composed of an a l l o y  of i r o n ,  n i c k e l ,  aluminum and c o b a l t .  The percen- 
t a g e s  being i n  the  range 10-12% A l ,  15-20% N i ,  5-14% Co, 0-6% Cu and 
t h e  remainder i r o n .  
i s  followed wi th  r e h e a t i n g  and c o n t r o l l e d  cool ing rates t o  develope op- 
timum and uniform magnetic p r o p e r t i e s .  
A f t e r  me l t ing  and c a s t i n g  a heat t r ea tmen t  sequence 
The magnetic p r o p e r t i e s  obtained i n  magnets made according t o  
t h i s  procedure are i n  t h e  range, 
2 B (remanence) = 6000-8000 (0.6-0.8 w/m ) r 
H_ ( c o e r c i v i t y )  = 450-650 o e r s t e d  (36000-52000 ampere t u r n s /  
L meter) 
B (max. energy product)  = 1.5-1.7 max 
= (12000, 
These terms w i l l  be  explained s h o r t l y .  Modern 
MGO (Million-Gauss-Oersted) 
13600 joules/m ) 3 
a l l o y s  of t h i s  type are 
f a r  s u p e r i o r  t o  carbon s teel  and about twice as good as t h e  b e s t  c o b a l t  
s tee l  i n  t h e  amount of magnetic f i e l d  energy a v a i l a b l e  p e r  pound. They 
are f a r  less expensive and more a v a i l a b l e  than any of t h e  e x o t i c  materials 
which may possess  t e n  t i m e s  t h e  magnetic energy pe r  u n i t  volume. 
To understand t h e  terminology of permanent magnets l e t  us  
cons ide r  a t o r o i d a l  winding w i t h  n-turns of w i r e .  The r i n g  has  c e n t r a l  
c i r c u m f e r e n t i a l  l eng th  1 and c r o s s  s e c t i o n a l  area' A .  A s  c u r r e n t  i s  in-  
creased through t h e  w i r e  w e  f i n d  t h a t  i f  w e  p l o t  B vs .  H a curve similar 
t o  t h e  fol lowing f i g u r e  is  descr ibed.  We o b t a i n  a s t r a i g h t  l i n e  oa,  . 
reducing t h e  c u r r e n t  w e  r e t u r n  t o  0 ,  r eve r s ing  t h e  c u r r e n t  w e  proceed t o  
b and reducing -I t o  o we  aga in  r e t u r n  t o  0 .  
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0 
+ H  
The magnetizing f o r c e  o r  f i e l d  i n t e n s i t y  i s  given f o r  t h i s  
s p e c i a l  case as, 
and t h e  f l u x  d e n s i t y  i n s i d e  t h e  t o r o i d a l  c o i l  o f  the area A i s  on t h e  aver- 
age f o r  1-1 = 1 
B = 1-1 H (MKS) B = H (CGS) 
0 
The flux i n  t h e  area A w i l l  then be 
(9 = BA (MKS) (9 = BA (CGS) 
o r  
If w e  could now f i l l  the  region i n s i d e  the  windings w i t h  a ferromagnet ic  
material, such as " s o f t  i r o n , "  a mater ia l  which would r e t a i n  no magnetic 
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f i e l d  a f t e r  t h e  c u r r e n t  i s  removed, w e  would f i n d  a d i f f e r e n t  curve of 





- H  H 
The t h i r d  quadrant  would be  an  i n v e r t e d  m i r r o r  image of t h e  f i r s t  quad- 
r a n t .  The pe rmeab i l i t y ,  1.1, i s  de f ined  as the  s l o p e  of t h e  l i n e  oc, t h e  
maximum permeabi l i ty ,  pmax, as t h e  s l o p e  of t h e  l i n e  od and t h e  i n i t i a l  
permeabi l i ty ,  vi, as t h e  s l o p e  of t h e  l i n e  oe  as the curve approaches 
t h e  o r i g i n .  Note t h a t  t h e  pe rmeab i l i t y  1.1 i s  n o t  t he  s l o p e  of the B-H 
curve,  t h i s  s l o p e  i s  c a l l e d  the dif ferent ia2 permeab i l i t y  and i s  de f ined  
by 
only a t  very s m a l l  f i e l d s  w i l  1.1 = 1 ~ -  which i s  t h e n  1.1 . d i 
I f  w e  now r e p l a c e  t h e  " s o f t  i ron"  w i t h  any real fe r romagnet ic  
material and e s p e c i a l l y  wi th  one which would be c a l l e d  a permanent mag- 
n e t  material ,  we  f i n d  an unexpected development -- h y s t e r e s i s .  That is ,  
a s  w e  traverse t h e  B-H curve f i r s t  i nc reas ing ,  then  decreas ing  t h e  cur- 
r e n t  as before ,  w e  do n o t  retrace t h e  same curve b u t  r a t h e r  f i n d  w e  may be  
on any of an i n f i n i t e  number of curves  a s  shown i n  t h e  f i g u r e .  
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where 
oeab i n i t i a l  magnet iza t ion  curve 
e f g e ' f ' g '  minor hysteresis loop 
B = o c  r e s i d u a l  o r  remanent magnet iza t ion  of mater ia l  
-H = od coerc ive  f o r c e  of m a t e r i a l  
bcdb 'c 'd '  
r 
C 
t h e  h y s t e r e s i s  loop of  t h e  material 
If t h e  material  has  no i n i t i a l  magnet iza t ion  and w e  apply a 
c u r r e n t  t o  the surrounding c o i l ,  i nc reas ing  i t  s t e a d i l y  w e  traverse the 
curve oeaf ,  t h e  i n i t i a l  magnet iza t ion  curve,  similar t o  t h a t  shown i n  
t h e  preceeding  f i g u r e .  If  w e  now reduce t h e  c u r r e n t  (and f o r  a s h o r t  
way retrace our  pa th)  w e  are on the major, o r  simply t h e  h y s t e r e s i s  loop 
of t h e  mater ia l - - the  loop which con ta ins  the l a r g e s t  p o s s i b l e  area of 
a l l ,  t h e  h y s t e r e s i s  loops.  Returning t o  ze ro  c u r r e n t  and hence zero H 
w e  f i n d  we are a t  p o i n t  c. The f l u x  d e n s i t y  corresponding t o  t h i s  p o i n t  
i s  c a l l e d  the  r e s i d u a l  magnetism, r e t e n t i v i t y  o r  remanence and i s  de- 
no ted  by Br.  
I f  w e  now reverse t h e  d i r e c t i o n  of t h e  c u r r e n t  and i n c r e a s e  i t s  
A t  t h i s  p o i n t  t h e  material has  become a permanent magnet. 
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magnitude, w e  con t inue  on t h e  curve from c and even tua l ly  reach  d.  A t  
p o i n t  d t h e  f l u x  d e n s i t y  i n  t h e  mater ia l  has  been reduced t o  zero  b u t  
has  r e q u i r e d  a f i e l d  i n t e n s i t y  H t o  accomplish t h i s .  Th i s  va lue  of 
H = H i s  t h e  r eve r sed  magnetic i n t e n s i t y  r e q u i r e d  t o  produce zero  f l u x  
d e n s i t y  a f t e r  t he  m a t e r i a l  has  been magnit ized t o  t h e  p o i n t  b o r  t o  
C 
C 
s a t u r a t i o n .  H i s  t h e  coe rc ive  f o r c e  o r  c o e r c i v i t y  of t h e  magnetic ma- 
t e r i a l .  The t h i r d  quadrant  i s  i d e n t i c a l  t o  t h e  f i r s t  and t h e  second i s  
i d e n t i c a l  t o  t h e  f o u r t h  except  f o r  i n v e r s i o n  and r e v e r s a l .  This  g e n e r a l  
curve shape  is  t y p i c a l  of a l l  permanent magnet materials; only t h e  
s l o p e s ,  magnitudes and wid th  of t h e  loop w i l l  b e  d i f f e r e n t  depending on 
t h e  material  involved.  
C 
Note that  the pe rmeab i l i t y  p i s  not a cons tan t  , b u t  f i r s t  i n -  
creases t o  a maximum and then  decreases  as shown i n  t h e  fo l lowing  f i g u r e .  
H -  
So f a r  we have been d i scuss ing  a c losed  r i n g  of magnetic ma- 
t e r i a l .  N o  e x t e r n a l  f i e l d  o r  f l u x  dens i ty  is  a v a i l a b l e  f o r  u s e , t h e r e f o r e  
l e t  us  now cons ider  a t o r o i d a l  r i n g  which has  been magnetized t o  s a t u r a -  
t i o n ,  t h e  c o i l  removed and a small s e c t i o n  of t h e  m a t e r i a l  removed as i n  
t h e  f i g u r e .  
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A f t e r  magnetizing t o  s a t u r a t i o n  and removing t h e  c u r r e n t  we 
arrive a t  some p o i n t  on t h e  magnet iza t ion  curve. The p o i n t  w e  arrive 
a t  i f  t h e  r i n g  were c losed  i s  B . When t h e  r i n g  has  a gap w e  move t o  
t h e  l e f t  and downward as shown i n  the fol lowing f i g u r e  t o  p o i n t  P .  
r 
The equat ions  governing t h e  p o i n t  a t  which w e  s t o p  are as 
fo l lows  : 
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I n  a permanent magnet system, wi th  no a c t u a l  c u r r e n t  i n  a c o i l ,  t h e  
t o t a l  magnet iz ing f o r c e  o r  magnetomotive f o r c e  i n  t h e  conplebe c i r c u i t  
i s  zero,  j u s t  as t h e  v o l t a g e  drops through a complete c i r c u i t  of a 
s imple  b a t t e r y - r e s i s t a n c e  c i r c u i t  add t o  zero .  
i n  a magnet ic  c i r c u i t  i s  j u s t  t h e  magnet iz ing f o r c e  pe r  u n i t  l e n g t h  
t i m e s  t h e  l e n g t h  o r  
The magnetomotive f o r c e  
F = Hdl i 
the re f  o r e  
H d l  + jHmagne t d l  magnet = o  i gap gap 
t h i s  be  comes 
and magnetomotive f o r c e s  are 
= o  Fgap + Fmagnet 
Fur the r ,  f l u x  l i n e s  are cont inuous hence none are l o s t  when l eav ing  t h e  
magnet and going i n t o  t h e  a i r  gap and s o  w e  have f o r  f lux :  
'magnet 
b u t  
o r  
These two equat ions  
B A  = B A  g S  m m  
H 1  = - H 1  
g g  m m  
g g  m m  
B A  = B A  
a r e  e s s e n t i a l l y  t h e  fundamental equat ions  of  t h e  permanent magnet cir-  
c u i t .  
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I f  one i s  m u l t i p l i e d  by t h e  o t h e r  w e  
B H l A  = - B H l A  g g g g  m m m m  
b u t  
I A  = V m  m m  
gap o r  magnet volume, hence, 
B HS V = -B H V g g g  m m m  
b u t  
B = p H  (MKS) B = H  
g o g  g e  
2 hence, 
B 
V = -(BmHm)Vm (MKS) 
P o  
2 B V g s  m m  
o r  
= -(B H )Vm (CGS) 
This  shows t h a t  t o  produce a f l u x  d e n s i t y  B i n  a gap volume V we  
need a magnet volume V w i t h  a c e r t a i n  BH product .  I f  t h i s  product  
g g’ 
m can 
be  maximized w e  w i l l  have t h e  min imum magnet volume. 
B vs. BH f o r  our  magnet iza t ion  curve w e  can f i n d  t h i s  maximum BH = (BH) 
This  is done i n  $he f i g u r e  on t h e  nex t  page. The r e g u l a r  demagnetiza- 
t i o n  curve i s  on t h e  l e f t  and wi th  t h e  same o r d i n a t e  the BH product  
curve i s  i n  t h e  r i g h t .  
I f  w e  now p l o t  
max. 
I f ,  f o r  any g iven  material  (demagnet izat ion curve given)  we 
o p e r a t e  a t  a B/H = 1~ r a t i o  such  t h a t  (BH) = (BH) i s  a maximum, w e  
w i l l  than  be ob ta in ing  t h e  maximum B i n  t h e  gap. 
max 
Of ten  t h e  BH product  i s  r e f e r r e d  t o  as t h e  energy product  of 
max t h e  f l u x  i n  t h e  magnet o r  gap and (BH) i s  the  maximum energy product: 
S t r i c t l y  speaking 
BH 3 - ( jou les /meter  ) (MKS) 2 
BH 3 - 8 ~ r  (ergs/cm ) (CGS) 
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is t h e  magnet ic  f i e l d  space-energy dens i ty ,  bu t  g e n e r a l l y  t h e  numerical  
f a c t o r s  (1/2 an  1 / 8 ~ r )  are omit ted.  
The magnetic c i r c u i t  can b e  considered analogous t o  the dir- 
ect c u r r e n t  e l e e t r i c  c i r c u i t  ( s ee  f i g u r e s  below). 
F 
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wi th  one main r e s e r v a t i o n :  
magnet c i rcu i t .  
energy i s  not dissipated i n  the permanent 
E l e c t r i c  C i r c u i t  Magnetic C i r c u i t  
E = R I  F = Rm@ 
E = e lec t romot ive  f o r c e  F = magnetomotive f o r c e  
R = r e s i s t a n c e  t o  c u r r e n t  flow Rm = r e l u c t a n c e  t o  f l u x  
I = c u r r e n t  @ = f l u x  
The second r e s e r v a t i o n  i s  t h a t  t h e  e l e c t r i c a l  c i r c u i t  equa t ion  
i s  u s u a l l y  a very good approximation t o  t h e  p h y s i c a l  ba t t e ry -wi re - r e s i s to r  
c i r c u i t  because t h e  r e s i s t a n c e  i s  l i n e a r  w i t h  c u r r e n t  magnitude and t h e  
c u r r e n t  i s  cons t r a ined  t o  remain i n  t h e  w i r e  and r e s i s t o r .  The magnetic 
c i r c u i t  equa t ion  i s  a t  best only a good approximation. 
only a f a i r  approximation and occas iona l ly  a poor one. The r e l u c t a n c e  
(depending on v )  i s  ha rd ly  ever  a cons t an t  and depends on t h e  magnetic 
h i s t o r y  of t h e  magnetic material .  Fu r the r ,  t h e  f l u x  i s  only semicon- 
s t r a i n e d  t o  l i e  i n  t h e  magnetic mater ia l  and spreads out from i t .  Also, 
i n  t h e  gap i t  sp reads  g r e a t l y  and not  being uniform must be accounted 
f o r .  Nevertheless ,  t he  approximation i s  ve ry  u s e f u l  and c o r r e c t i o n s  can 
be made f o r  t h e  va r ious  d e v i a t i o n s  from t h e  s imple p i c t u r e .  Rules f o r  
t h e  a d d i t i o n  of’ magnetomotive f o r c e s  are s imi la r  t o  those  f o r  electromo- 
t i v e  f o r c e s  and r u l e s  f o r  t he  a d d i t i o n  of r e l u c t a n c e s  i n  series and i n  
p a r a l l e l  are s imi la r  t o  those f o r  r e s i s t a n c e s  i n  series and p a r a l l e l .  
With t h i s  i n  mind l e t  us aga in  consider  t h e  magnetized t o r o i d a l  r i n g :  
Often i t  is 
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H 1  = - H 1  g g  m m  
B A  = B A  
g g  m m  
Then magnetomotive f o r c e  of t h e  magnet i s  
F = H 1  m m m  
and t h i s  Fm appears  a c r o s s  t h e  gap as -F which con ta ins  t h e  f l u x  @ . g f.3 
The gap r e l u c t a n c e  i s  
1 1 
R = (MKS) R = f (CGS) 
g POAS 
The magnet r e luc t ance  i s  
Hence, 
F = R @ and Fm = Rm$)m 
g g g  
o r  
1 1 
- F  = @g (MKS) F = 9, (CGS) 
poAg Ag 
and 
Now, i n  order  t o  use  t h e s e  equat ions  i t  i s  necessary  t o  f i n d  
t h e  working p o i n t  P o f  t h e  magnet w i t h  g iven  gap and magnet dimensions.  
To do t h i s  i t  i s  necessary  t o  f i n d  Bm/Hm. 
S ince  
= B A  
BmAm g g 
and 
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w e  t a k e  t h e i r  r a t i o  and s o l v e  f o r  B /H  m m  
S ince  i n  a i r  
(MKS) B = H (CGS) 
g g  Bg = voHg 
w e  have 
B A /1 
- -lLL (gauss /oers ted)  ’0 (Ag’lg) h e n r i e s  
B 
H m ‘rn’lrn m 
--- - -  m - -  
meter H (Arn/lm> 
Now from t h e  f i g u r e  we  see t h a t  
(A /I 
(MKS 1 m 
B 
_ -  - t an@ = - 
H m AmI’m 
m - = tan0 = - -LX 
m ‘m”m 
A /I B 
H (CGS) 
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This  g ives  us  t h e  working p o i n t  P which may o r  may n o t  be a t  
Wmax' t h e  optimum working p o i n t  f o r  t h e  p a r t i c u l a r  magnetic material  
w e  have chosen. Genera l ly ,  i t  i s  b e s t  t o  work backwards, choosing t h e  
working p o i n t  (hence tan0)  and t h e  gap dimensions and then c a l c u l a t i n g  
the magnet dimensions.  Ac tua l ly ,  t h i s  procedure i s  a b i t  crude (neglec t -  
ing  many th ings )  and i t  i s  necessary  f o r  u s e f u l  des ign  work t o  inc lude  
two c o r r e c t i o n  f a c t o r s  i n  t h e  equa t ions .  These f a c t o r s  account f o r  
s e v e r a l  th ings :  leakage f l u x  from t h e  magnet, a f r i n g i n g  i n  t h e  working 
gap, and a magnetomotive f o r c e  drop i n  s o f t  i r o n  po le  p i eces  and t h e  
f a c t  t h a t  un le s s  t h e  magnet i s  e l l i p s o i d a l  i n  shape,  i t  is not magnetized 
uniformly throughout i t s  volume. 
The c o r r e c t i o n  f a c t o r s  are app l i ed  i n  t h i s  way 
H 1  = - f H 1  
m m  H g g  
BmAm = f B A 
B g g  
and 
(A /1 - (MKS) tan0 = - - f B  
f H  (Am/lm) 
Many empi r i ca l  t a b l e s  and formulas have been worked ou t  from 
measurements of a c t u a l  des igns .  A l t e r n a t i v e l y ,  t h e  a c t u a l  magnetomotive 
f o r c e  drops i n  t h e  s o f t  i r o n  and t h e  f r i n g i n g  f l u x  around t h e  magnet and 
i n  t h e  working gap can b e  c a l c u l a t e d .  The va r ious  p a r a l l e l  r e luc t ances  
i n  t h e  gap and around t h e  magnet can b e  c a l c u l a t e d  s e p a r a t e l y  and included 
i n  t h e  c a l c u l a t i o n s .  The f a c t o r s  f B  and f are dimensionless ,  f i s  
r a r e l y  less than 1.1 o r  g r e a t e r  than 1 .5 ,  1 .35  has  been suggested as a 
good engineer ing approximation. Fac tor  f may be  approximated f o r  many 




f B  = 1 + 7 (2) 
where 
1 = l eng th  gap 
d = diameter  gap 
g 
g 
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The f a c t o r  f may b e  de f ined  i n  terms of t h e  magnetomotive H 
f o r c e  drops  i n  s o f t  i r o n  po le  p i eces  and the  gaps between t h e s e  p i e c e s  
and t h e  working gap. Thus, 
where 
= mmf drop i n  t h e  i r o n  and j o i n t s  Fi 
F = mmf drop i n  t h e  working gap 
g 
The f a c t o r  f may be  de f ined  i n  terms of  t h e  f r i n g i n g  f l u x  and B 
t h e  f l u x  i n  t h e  working gap. Assuming t h e  same magnetomotive f o r c e  a c r o s s  
a l l  gaps,  t h e s e  f l u x e s  may b e  desc r ibed  i n  terms of t h e  r e luc t ances  of  
t h e s e  gaps .  Thus, 
where 
R = r e l u c t a n c e  of u s e f u l  gap 
R1 = t o t a l  r e l u c t a n c e  of leakage  gap 
g 
A number of formulas  have been der ived  t o  eva lua te  t h e  r e luc -  
tance of  many d i f f e r e n t  geometr ica l  shapes and a few are g iven  i n  
Hadf ield") w i th  -procedures  f o r  t h e i r  a p p l i c a t i o n ,  wh i l e  a g r e a t  number 
a r e , g i v e n  i n  Ro to r s (2 ) .  A good, s h o r t  des ign  manual has  been publ i shed  
(3)  by t h e  Thomas and Skinner  Co. . 
Very good estimates can b e  made of t h e  r e luc t ance  of unusual  
geometr ies  by means of e l ec t r i ca l  c i r c u i t  ana logs .  These may t a k e  t h e  
form of capac i t ance  o r  r e s i s t a n c e  models i n  two o r  three dimensions u s i n g  
e l e c t r o l y t i c  t anks ,  conducting paper  o r  phys i ca l  capac i tances  of s h e e t  
metal. 
made by t h e  Rotors  formulas.  
These are u s u a l l y  r e s o r t e d  t o  on ly  when an estimate cannot b e  * 
Fur the r  d e t a i l s  of t h e  des ign  of permanent magnets w i l l  n o t  
be  gone i n t o  h e r e  as t h e  r e fe rences  g iven  are r a t h e r  complete and w i t h  
worked o u t  examples. 
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It w i l l  be necessa ry  i n  t h e  design of permanent magnet assem- 
b l i e s  t o  have a v a i l a b l e  t h e  B-H curves  of s e v e r a l  magnet materials. These 
are r e a d i l y  a v a i l a b l e  from the  manufacturers  of magnet a l l o y s .  
are  l i s t e d  i n  t h e  r e f e r e n c e s  (4 through 1 1 ) .  General ly ,  except  f o r  s p e c i a l  
a p p l i c a t i o n s ,  one of t h e  r e a d i l y  a v a i l a b l e  Alnicos (such as A1-5) is  
b e s t .  Many manufacturers  are w i l l i n g  t o  supply engineer ing and des ign  
advice and i t  i s  w i s e  t o  seek and use  i t .  
A few 
One problem which has  no t  been mentioned i s  t h a t  of magnetizing 
t h e  magnetic material. I n  g e n e r a l ,  i t  i s  necessa ry  t o  magnetize t h e  
material a f t e r  i t  has  been assembled i n t o  i t s  f i n a l  conf igu ra t ion  i n  o r d e r  
t o  ach ieve  t h e  optimum p r o p e r t i e s  of t h e  magnet material and c o n f i g u r a t i o n .  
Except i n  s m a l l  assemblies  t h i s  i s  d i f f i c u l t  t o  achieve without  expen- 
s i v e  equipment, The manufacturers of  magnet materials can o f t e n  b e  per- 
suaded t o  do t h i s ,  however, f o r  a nominal f e e .  Once a magnet s t r u c t u r e  
has  been assembled and magnetized i t  should not t h e r e a f t e r  b e  disassembled 
f o r  i t s  p r o p e r t i e s  w i l l  n o t  remain same i n  consequence of t h e  motion of 
t h e  working p o i n t  on t h e  B-H curve. I f  i t  i s  necessary t o  have a magnet 
assembly which must b e  taken a p a r t  o r  which must have a v a r i e t y  of p o l e  
p i e c e s  f i t t e d  f o r  d i f f e r e n t  experiments,  t hen  t h i s  must be known and 
allowed f o r  i n  the design beforehand. This  w i l l  r e s u l t  i n  a magnet which 
may r e q u i r e  several t i m e s  t h e  volume of magnetic material  than t h a t  which 
would b e  r e q u i r e d  f o r  t h e  most economical s i n g l e  design (optimum). 
w i l l ,  however, permit a wide v a r i e t y  of po le  p i e c e  conf igu ra t ions  i f  t h i s  
i s  what i s  d e s i r e d .  Except i n  very l a r g e  magnets t h i s  is not an expen- 
s i v e  s o l u t i o n  t o  t h e  problem. 'The design of a magnet which w i l l  work as 
r equ i r ed  under a l a r g e  v a r i e t y  of magnetic c i r c u i t  cond i t ions  is consid- 
e r a b l y  more complicated than a simple c i r c u i t  design and i t  would b e  
b e s t  t o  seek experienced a i d  f o r  i t s  design.  
This 
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CHAPTER 5 
THE EARTH'S MAGNETIC FIELD 
For many c e n t u r i e s  i t  has  been known t h a t  a magnetized rod,  
when f r e e l y  suspended a t  i t s  c e n t e r ,  would a l i g n  i t s e l f  i n  roughly a 
north-south d i r e c t i o n ,  t h e  e a r t h  a c t i n g  l i k e  a huge magnet i t s e l f .  
The magnetic d i r e c t i o n s  on t h e  e a r t h  were known n o t  t o  be 
completely r e g u l a r  no r  e x a c t l y  geograph ica l ly  north-south,  Around t h e  
y e a r  1600 W i l l i a m  G i l b e r t ,  i n  a t tempting t o  e x p l a i n  t h e  magnetic l i n e s  
of t h e  e a r t h ,  cons t ruc t ed  a small sphere from t h e  only magnetic material 
a v a i l a b l e  t o  him, magne t i t e  o r  l odes tone  and p l o t t e d  t h e  d i r e c t i o n s  of 
t h e  f i e l d  o u t s i d e  t h e  model. The magnetic f i e l d  of t h e  model c l o s e l y  
resembled t h e  magnetic f i e l d  known on t h e  e a r t h .  Later Gauss i n  1840 
showed by c a l c u l a t i o n  t h a t  t h e  e a r t h ' s  f i e l d  could be desc r ibed  approxi- 
mately by assuming t h a t  t h e  e a r t h  w a s  a uniformly magnetized sphere.  
H e  f u r t h e r  showed t h a t  t h e  same f i e l d  could b e  obtained e x t e r n a l  t o  t h e  
e a r t h  by assuming a b a r  magnet, s m a l l  compared t o  t h e  e a r t h ,  placed 
nea r  t h e  c e n t e r a f  t h e  e a r t h .  To account f o r  t h e  f a c t  t h a t  t h e  l i n e s  of 
f l u x  are n o t  i n  a geographic north-south d i r e c t i o n ,  t h i s  magnet must 
have i t s  axis a t  about 11.5" from t h e  e a r t h ' s  a x i s  of r o t a t i o n  and b e  
d i s p l a c e d  t o  one s i d e  of t h a t  axis. This  is  shown i n  t h e  f i g u r e .  The 
extended a x i s  of t h i s  imaginary d i p o l e  i n t e r s e c t s  t h e  e a r t h  a t  about 
78.5"N L a t ,  69"W Long and 78.5"s L a t ,  1 1 1 " E  Long, t h e s e  p o i n t s  are 
c a l l e d  t h e  geomagnetic po2e.s. On t h e  o t h e r  hand, t h e  d i r e c t l y  determined 
apparent"  North and South magnetic po le s  are those  main n o r t h  and s o u t h  11 
p o i n t s  on t h e  e a r t h ' s  s u r f a c e  where a d i p  need le  a l i g n i n g  i t s e l f  w i t h  
t h e  l i n e s  of magnetic f l u x  p o i n t  downward 90" from t h e  h o r i z o n t a l .  
These appa ren t ,  o r  d i p  po le s ,  are l o c a t e d  a t  70.8"N L a t ,  96.OoW Long 
and 71.2"s L a t ,  150.8'E Long (about 1936). A s  can be seen,  t h e s e  do 
no t  correspond t o  t h e  d i p o l e  a x i s  p o l e s  and f u r t h e r  are n o t  symmet- 
r i c a l l y  placed wi th  r e s p e c t  t o  t h e  geographic p o l e s .  Ac tua l ly ,  t h e r e  
83 
- 84 - 
are many such p o i n t s  s c a t t e r e d  over t h e  e a r t h  due t o  l o c a l  anomolies. 
These po le s  move i r r e g u l a r l y  wi th  t i m e  a few degrees p e r  hundred y e a r s  
(mainly a r o t a t i o n  back and f o r t h  around t h e  geographic p o l e ) .  
a d d i t i o n ,  t h e  magnet izat ion of t h e  e a r t h  has  been g radua l ly  dec reas ing  
by about  1 p a r t  i n  1000 t o  1:1500 p e r  y e a r  f o r  about 100 y e a r s ,  
would b e  extremely r i s k y  t o  e x t r a p o l a t e  t h i s  f i g u r e  backward, however, 
as i t  would y i e l d  a very high i n t e n s i t y  thousands of y e a r s  ago which i s  
n o t  confirmed by paleomagnetic obse rva t ions .  Much of t h e  publ ished 
d a t a  on t h e  magnitude and d i r e c t i o n  of t h e  e a r t h ' s  f i e l d  i s  q u i t e  o l d  
and sometimes i n c o n s i s t a n t .  The average v a l u e  of t h e  i n t e n s i t y  of mag- 
n e t i z a t i o n  of t h e  e a r t h  p e r  u n i t  volume (assuming uniform magnet izat ion)  
i s  0.08 cgs units/cm3 which is  about 100 t o  1000 times t h e  average 
va lue  f o r  o rd ina ry  rocks on t h e  e a r t h ' s  s u r f a c e ,  
measurements of t h e  e a r t h ' s  f i e l d  over  t h e  c e n t u r i e s  i s  given by 
Chapman") a long wi th  t h e  va r ious  h i s t o r i c a l  and modern techniques used. 
In  
It 
A thorough review of 
I n  a d d i t i o n  t o  t h e  non-symmetry because of t h i s  g e n e r a l  o f f -  
cen te rness  t h e r e  are l o c a l  v a r i a t i o n s  due p o s s i b l y  t o  l a r g e  d e p o s i t s  
of i r o n  o r e  w i t h i n  t h e  e a r t h ,  
are d a i l y  and y e a r l y  cyc le s  and an 11 yea r  cyc le .  The y e a r l y  c y c l i c  
v a r i a t i o n  i s  q u i t e  s m a l l  amounting t o  about 2.5 minutes of  ang le  (op- 
p o s i t e  i n  n o r t h e r n  and sou the rn  hemispheres).  The d a i l y  v a r i a t i o n  i s  
on t h e  s a m e  o r d e r  varying wi th  l o c a t i o n  on t h e  e a r t h ' s  s u r f a c e .  
y e a r  c y c l e  i s  probably a s s o c i a t e d  w i t h  t h e  11 year  sunspot  cycle .  Elec- 
t r i c  i o n  c u r r e n t s  i n  t h e  atmosphere probably account f o r  i r r e g u l a r  
v a r i a t i o n s  i n  t h e  e a r t h ' s  magnetic f i e l d  sometimes causing much l a r g e r  
v a r i a t i o n s  than  those mentioned above. These are known as magnetic 
storms and may a l s o  b e  a s s o c i a t e d  wi th  sunspot  a c t i v i t y ,  A l l  t h e s e  
v a r i a t i o n s  can b e  i n  both d i r e c t i o n  and magnitude of t h e  e a r t h ' s  f i e l d ;  
Superimposed on t h e  s teady f i e l d  t h e r e  
The 11 
There are t h r e e  a s p e c t s  of t h e  e a r t h s  magnetic f i e l d  r egu la r -  
l y  measured and recorded. These are: 
1. Dec l ina t ion  - t he  ang le  between t h e  r e s u l t a n t  magnetic 
d i r e c t i o n  and t h e  geographic d i r e c t i o n .  
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2 .  The a n g l e  of d i p  - t h e  ang le  measured between t h e  
d i r e c t i o n  of t h e  e a r t h s  magnetic f i e l d  and t h e  h o r i -  
z o n t a l  p l ane  a t  t h a t  p o i n t .  
The h o r i z o n t a l  component of t h e  e a r t h ' s  magnetic f i e l d  
i n t e n s i t y .  
3 .  
The d e c l i n a t i o n  varies from point- to-point  on t h e  e a r t h ' s  
s u r f a c e  i n  a f a i r l y  r e g u l a r  manner. 
east o r  w e s t  from t h e  t r u e  north-south d i r e c t i o n .  The l i n e  of zero 
d e c l i n a t i o n  i s  known as t h e  agonic l i n e  and c r o s s e s  t h e  U.  S .  roughly 
from Chicago t o  Savannah. This  agonic  l i n e  i s  g radua l ly  moving w e s t -  
ward as are a l l  t h e  l i n e s  of d e c l i n a t i o n .  To t h e  east of t h i s  l i n e  t h e  
d e c l i n a t i o n  i s  w e s t  and i s  i n c r e a s i n g  and t o  t h e  w e s t  of t h i s  l i n e  i t  
i s  east and is dec reas ing .  This  amounts t o  about . 0 5 O  p e r  y e a r  i n  t h e  
U.S .  
It i s  g iven  i n  degrees  d e v i a t i o n  
The d i p  ang le  varies from approximately zero a t  t h e  equa to r  
t o  90" a t  t h e  "apparent n o r t h  and s o u t h  magnetic poles. ' '  
i n  t h e  v e r t i c a l  p l ane  which i n t e r s e c t s  a compass needle  a t  t h a t  p o i n t  
on t h e  e a r t h s  s u r f a c e .  There are many l o c a l  anomolies. 
It i s  measured 
The h o r i z o n t a l  i n t e n s i t y  of t h e  e a r t h s  f i e l d  i s  r e l a t e d  t o  
t h e  t o t a l  e a r t h ' s  f i e l d  by t h e  d ip  angle.  
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where 
H = H o r i z o n t a l  i n t e n s i t y  e a r t h ' s  f i e l d  
HT = T o t a l  i n t e n s i t y  e a r t h ' s  f i e l d  
8 = d i p  ang le  
Knowing t h e  h o r i z o n t a l  component and t h e  d i p  ang le  t h e  t o t a l  i n t e n s i t y  
of t h e  e a r t h ' s  f i e l d  can b e  determined, 
A s h o r t  t a b l e  of d i p  ang le ,  d e c l i n a t i o n  and h o r i z o n t a l  i n t e n -  
s i t y  i n  t h e  U.S. i s  g iven  below (about 1920) : 
Maine 
New York 
F l o r i d a  
Michigan 
Kansas 
M i s s i s s i p p i  
Washington S t a t e  
C a l i f o r n i a  
Dip Angle (deg) 
74 - 76 
74 
57 - 58 
73  - 76 
67 - 69 
6 1  - 66 
7 1  
58 - 62 
Dec l ina t ion  (deg) 
16 - 21 W 
4 - 1 2 w  
1 - 2.5 E 
2 E - 3 W  
10 - 1 2  E 
5 - 7 E  
23 - 24 E 
1 4  - 19 E 
H (oe r s t ed )  
.14 - .16 
.16 - .17  
.27 - .29 
.15 - .18 
. 2 1  - .23 
.24 - .26 
.19 
. 2 5  - .27 
The p a t t e r n  of t h e  l i n e s  of f l u x  as they are d i s t r i b u r e d  over  
t h e  earth is shown approximately i n  t h e  f i g u r e  below f o r  bo th  a uniformly 
magnetized sphe re  and f o r  a b a r  n e a r  t h e  c e n t e r  of t h e  e a r t h .  
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Note t h a t  t h e  f l u x  l i n e s  i n s i d e  t h e  e a r t h ' s  s u r f a c e  are q u i t e  
d i f f e r e n t  ( t h e  f i e l d  i s  uniform) f o r  t h e  uniformly magnetized sphere 
model as compared t o  those  f o r  t h e  b a r  magnet model, There i s  no way 
t o  determine e x a c t l y  what t h e  p a t t e r n  is i n s i d e  t h e  e a r t h  s o  w e  cannot,  
of p r e s e n t ,  t e l l  which model i s  c l o s e r  t o  r e a l i t y  s i n c e  t h e  external 
p a t t e r n  of f l u x  l i n e s  i s  i d e n t i c a l  f o r  both cases, Since i t  i s  of no 
p r a c t i c a l  consequence t o  know which model i s  more c o r r e c t  as both g i v e  
t h e  same e x t e r n a l  f i e l d ,  i t  is unnecessary h e r e  t o  pursue t h e  s u b j e c t  
f u r t h e r .  However, an e x c e l l e n t  a r t ic le  on t h e  h i s t o r y  and measurements 
of t h e  e a r t h ' s  magnetic- f i e l d  has  r e c e n t l y  appeared i n - t h e  J o u r n a l  of 
Applied Phys ic s (2 ) .  
through t h e  geo log ic  ages  and t h e  paleomagnetic techniques f o r  de t e r -  
mining t h e s e  changes, Included are many r e f e r e n c e s  t o  o t h e r  s t u d i e s  and 
t h e o r i e s ,  
~ 
It d i s c u s s e s  t h e  change i n  magnetism of t h e  e a r t h  
The experimenter who wishes t o  reduce t h e  e a r t h ' s  magnetic 
f i e l d  ( i n  an experimental  region)  t o  a very low va lue  i s  concerned w i t h  
t h e  e a r t h ' s  e x t e r n a l  magnetic f i e l d .  I f  h e  u s e s  a c o i l  assembly t o  pro- 
duce an equal  and oppos i t e  f i e l d  i n  t h a t  of t h e  e a r t h ,  s o  t h a t  t h e  
e a r t h ' s  f i e l d  is  cance l l ed  by t h e  generated f i e l d ,  h e  must know approxi- 
mately t h e  magnitude and d i r e c t i o n  of t h e  t o t a l  f i e l d  i n  t h e  r eg ion  of 
h i s  experiment.  
and i n  a d d i t i o n  they were taken i n  regions f a r  removed from c i v i l i z a t i o n ,  
The l o c a l  f i e l d  i n  a l a b o r a t o r y  is  o f t e n  cons ide rab ly  d i f f e r e n t  from t h a t  
given f o r  t h e  l o c a l  f i e l d  i n  t a b l e s .  I n  f a c t ,  a t  d i f f e r e n t  l o c a t i o n s  
i n  t h e  l a b o r a t o r y  i t  may b e  d i f f e r e n t  by a f a c t o r  o f  two i n  magnitude 
and t h e  d i p  may va ry  by 2 20 degrees  o r  more. 
t o  t h e  i r o n  s t r u c t u r e  i n  t h e  b u i l d i n g ,  bu t  a l s o  may be caused by i r o n  
bench frames o r  o t h e r  i r o n  work i n  t h e  l a b o r a t o r y .  Occasional ly ,  the . 
i r o n  work i n  t h e  l a b o r a t o r y  may be permanently magnetized producing very 
s t r a n g e  p a t t e r n s  of f l u x .  Often t h i s  permanent magnetism can b e  re- 
moved from t h e  i r o n  work i n  benches by passing a l a r g e  c o i l ,  of many 
t u r n s ,  ene rg ized  by o rd ina ry  60 cyc le  mains c u r r e n t ,  over and around 
t h e  bench s t r u c t u r e  and o t h e r  permanent i r o n  s t r u c t u r e s  i n  t h e  room. 
The f i g u r e s  given i n  t h e  t a b l e  are only approximate 
This i s  g e n e r a l l y  due 
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N a t u r a l l y ,  i t  i s  b e s t  if t h e s e  i r o n  frame works can be removed from t h e  
magnetobiology l a b o r a t o r y  and use  only wood o r  aluminum o r  o t h e r  non- 
magnetic materials. Even aluminum and b r a s s  are o f t e n  s l i g h t l y  magnet- 
i c  due probably t o  i m p u r i t i e s  of i r o n  i n  t h e  a l l o y s ;  g e n e r a l l y  t h i s  i s  
of l i t t l e  consequence except  i n  t h e  most p r e c i s e  experiments.  
c o n s t r u c t i o n  of wooden frames f o r  c o i l s  o r . t h e  support  of specimens i t  
i s  b e s t  t o  avoid t h e  use  of i r o n  screws o r  n a i l s  which w i l l  cause s m a l l  
b u t  d e f i n i t e  d i s t o r t i o n s  i n  t h e  f l u x  d i s t r i b u t i o n .  It i s  a l s o  neces- 
s a r y  t o  know t h e  d i r e c t i o n  and magnitude of t h e  e a r t h ' s  f i e l d  when 
s h i e l d i n g  boxes o r  c y l i n d e r s  are used t o  reduce t h e  f l u x  i n  t h e  expe r i -  
mental  region.  A long s h i e l d i n g  c y l i n d e r  must be very c a r e f u l l y  
o r i e n t e d  wi th  i t s  a x i s  pe rpend icu la r  t o  t h e  d i r e c t i o n  of t h e  e a r t h ' s  
f i e l d  a t  t h a t  p o i n t  i n  space.  This  problem i s  discussed elsewhere i n  
t h e  s e c t i o n  on t h e  design of magnetic s h i e l d s ,  b u t  i t  i s  po in ted  o u t  
h e r e  t h a t  a change i n  ang le  by just a few degrees may mean t h e  d i f f e r e n c e  
of a factor of IO o r  more i n  t h e  a t t e n u a t i o n  achieved wi th  such a s h i e l d .  
I n  t h e  
The f l u c t u a t i o n s  of t h e  e a r t h ' s  f i e l d  must a l s o  b e  considered 
i n  r e l a t i o n  t o  t h e  method used t o  reduce o r  cance l  t h e  e a r t h ' s  f i e l d .  
A c o i l  assembly w i l l  s u b t r a c t  t h e  s t eady  p o r t i o n  of t h e  e a r t h ' s  f i e l d  
l eav ing  v i r t u a l l y  undis turbed the f l u c t u a t i n g  component, whereas a s h i e l d  
w i l l  a t t e n u a t e  bo th  t h e  s t eady  p o r t i o n  and t h e  f l u c t u a t i n g  magnitude of 
t h e  e a r t h ' s  f i e l d  t o  about t he  same e x t e n t .  A f l u c t u a t i o n  of t h e  direction 
of t h e  magnetic f i e l d ,  i f  app rec i ab le ,  may produce a g r e a t e r  change i n  
t h e  a t t e n u a t e d  f i e l d  i n s i d e  a s h i e l d  than a change i n  magnitude on ly .  
For t h e s e  r easons ,  i t  i s  e s s e n t i a l ,  t o  b e  a b l e  t o  measure t h e  f l u x  den- 
s i t y  i n  d i r e c t i o n ,  magnitude and t i m e ,  i n s i d e  a c o i l  o r  s h i e l d  assembly 
used t o  reduce the  e a r t h ' s  magnetic f i e l d ,  
d i c a t i o n  of t h e  kind and percentage v a r i a t i o n  i n  t h e  f i e l d  i n  t h e  r eg ion  
of t h e  experiment and enab le  t h e  experimenter t o  determine whether t h i s  
is  t o l e r a b l e ,  Low frequency f i e l d s  of 60 cyc le  frequency from t h e  mains 
may a l s o  b e  p r e s e n t  and are l i k e l y  t o  f l u c t u a t e  with t h e  power demand, 
These can o f t e n  b e  checked by means of a many-turn c o i l  of w i r e  p l aced  
i n  t h e  experiment r eg ion  and observed on an o s c i l l o s c o p e  -- g r e a t  c a r e  
This w i l l  then g i v e  an in -  
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must be taken t o  ensu re  t h a t  t h e  s i g n a l  observed i s  due t o  the  magnet ic  
f i e l d  and n o t  p i ck  up i n  t h e  wi r ing .  This can be p a r t i a l l y  checked by 
enc los ing  t h e  c o i l  i n  a grounded e l e c t r o s t a t i c  s h i e l d  without  changing 
anything else i n  t h e  c i r c u i t .  
a r e s i s t a n c e  of t h e  s a m e  va lue  a s  t h a t  of t h e  c o i l  and observe i f  any 
s i g n a l  is p r e s e n t .  
Another tes t  f o r  p i ck  up i s  t o  s u b s t i t u t e  
Magnetic f i e l d s  i n  r eg ions  o t h e r  t han  t h e  e a r t h ,  such as i n  
f a r  space o r  on t h e  moon are q u i t e  low compared t o  those  on t h e  e a r t h ,  
although t h e  magnetic f i e l d  i n s i d e  a space c r a f t  may be almost any 
va lue  depending on t h e  equipment c a r r i e d .  Any b i o l o g i c a l  experiments 
c a r r i e d  o u t  i n  a space c r a f t  w i l l  be s u b j e c t  t o  t h i s  ambient f i e l d  and 
i t  shouZd be known. 
formation from those  making t h e  f i n a l  q u a l i f i c a t i o n  tests on t h e  space 
c r a f t  even i f  t h i s  experiment apparently is n o t  s u s c e p t i b l e  t o  magnetic 
f i e l d s  . 
The b i o l o g i c a l  experimenter should r e q u e s t  t h i s  i n -  
While t h e  e a r t h ' s  magnetic f i e l d  i s  normally 0.4 t o  0.8 
gauss ,  t h e  magnetic f i e l d  of t h e  moon has  a f i e l d  of about 40-100 x 
gauss (40-100 x 10'' weber/m ) o r  about 1/500 t h a t  of t h e  e a r t h :  
t e r p l a n e t a r y  space con ta ins  f i e l d s  on t h e  o r d e r  of about 1 / 2  of t h a t  of 
t h e  moon. G.  E .  Hale i n  1913 concluded t h a t  t h e  Sun had a magnetic 
f i e l d  s i m i l a r  t o  t h a t  of t h e  e a r t h  b u t  about 100 t i m e s  g r e a t e r .  Local  
f i e l d s  on t h e  o r d e r  of 4000 gauss have been est imated i n  t h e  region of 
sunspots .  Various hypotheses as t o  t h e  o r i g i n  of t h e  magnetic f i e l d  on 
both t h e  Ea r th  and t h e  Sun are d i scussed  i n  Fleming . 
2 In- 
( 3 )  
The s u b j e c t  of t he  e a r t h ' s  magnetic f i e l d  and i t s  p o s s i b l e  
b i o l o g i c a l  e f f e c t s  i s  a complicated and f a s c i n a t i n g  one. Decreases and 
r e v e r s a l s  of t h e  magnetic f i e l d  i n  t h e  d i s t a n t  p a s t ( 2 )  ( t o  5 m i l l i o n  . 
y e a r s  ago) as r evea led  by paleomagnetic s t u d i e s  may have in f luenced  
t h e  r ise  and f a l l  of several a n c i e n t  s p e c i e s .  
consequence of t h e  f l u x  d e n s i t y  on t h e  organism o r  i n d i r e c t l y  through t h e  
changes i n  s h i e l d i n g  of t h e  e a r t h  a g a i n s t  e n e r g e t i c  p a r t i c l e s  from space,  
C o r r e l a t i o n s  between va r ious  f o s s i l  abundances and t h e  s t r e n g t h  and d i r e c -  
t i o n  of t h e  e a r t h ' s  magnetic f i e l d  ra ise  new ques t ions  and suggest  
f u r t h e r  experimentat ion i n  magnetobiology. 
This may have been a d i r e c t  
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CHAPTER 6 
DESIGN OF C Y L I N D R I C A L  S H I E L D S  TO PRODUCE 
"NULL" OR GREATLY REDUCED W G N E T I C  F I E L D S  
I n  s tudy ing  biomagnetic phenomena w e  have two choices  w i t h  
r e s p e c t  t o  t h e  magnetic f i e l d  of t h e  e a r t h .  We can use  f i e l d s  h i g h e r  
t han  t h e  e a r t h ' s  f i e l d  o r  w e  may use f i e l d s  lower than t h e  e a r t h ' s  f i e l d .  
Various c o i l  assemblies  discussed p r e v i o u s l y  are one means of reducing o r  
c a n c e l l i n g  t h e  f i e l d  of t h e  e a r t h .  Another and i n  some ways, more con- 
v e n i e n t  method i s  t o  s h i e l d  t h e  b i o l o g i c a l  material from t h e  f i e l d  of 
t h e  e a r t h .  This  is p o s s i b l e  because materials of high magnetic permea- 
b i l i t y  can be used t o  form a d i v e r t i n g  pathway f o r  t h e  l i n e s  of magnetic 
f l u x  around t h e  specimen. The r e s i s t a n c e  (more c o r r e c t l y  r e l u c t a n c e )  of 
a p a t h  through i r o n  o r  i r o n  a l l o y s  of h igh  pe rmeab i l i t y  i s  many t i m e s  
less than  t h e  r e l u c t a n c e  through a i r  so t h a t  a s h i e l d  of t h i s  material 
acts l i k e  a shunt  o r  " shor t  c i r c u i t "  of t h e  magnetic f l u x .  
i s  thus  conducted around t h e  i n t e r n a l  r eg ion  of t h e  s h i e l d .  This  shunt- 
i ng  is  n o t  p e r f e c t  and some of t h e  f l u x  w i l l  e n t e r  t h e  r eg ion  i n s i d e  t h e  
s h i e l d  ( s e e  f i g u r e  below). 
The f l u x  
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For t h i s  reason i t  i s  necessa ry  t o  have a s h i e l d  of s u f f i c i e n t l y  low 
r e l u c t a n c e ,  i .e. ,  (1) t h i c k  enough o r  ( 2 )  of high enough pe rmeab i l i t y  o r  
( 3 )  m u l t i p l e  s h i e l d s .  It has been shown by Ricker'') t h a t  i s  i s  p r o f i t -  
a b l e  t o  i n c r e a s e  t h e  s h i e l d  th i ckness  up t o  t h e  p o i n t  where 
t = t h i ckness  of s h e l l  
a = i n n e r  r a d i u s  
1-1 = permeab i l i t y  of material 
When t h i s  p o i n t  i s  reached i t  i s  magne t i ca l ly  wor th l e s s  t o  i n c r e a s e  t h e  
th i ckness  f u r t h e r .  To achieve g r e a t e r  s h i e l d i n g  i t  is  necessa ry  t o  u s e  
m u l t i p l e  concen t r i c  s h i e l d s .  Each s h i e l d  then  a t t e n u a t i n g  t h e  r e s i d u a l  
f i e l d  remaining from t h e  p rev ious  one. The s h i e l d i n g  e f f e c t i v e n e s s  i s  
u s u a l l y  de f ined  as t h e  r a t i o  g o r  F of t h e  f i e l d  o r  f l u x  d e n s i t y  e x i s t -  
i ng  b e f o r e  t h e  s h i e l d  i s  pu t  i n t o  p l a c e  (H o r  B ) t o  t h a t  remaining 
i n s i d e  the  s h i e l d  a f t e r  i t  is  p u t  i n t o  p l a c e  (H 
0 0 
o r  Bi): i 
0 Bo g = F = - = -  
Hi Bi 
A s  can be seen  from t h e  maximum th i ckness  formula given above, i f  w e  u se  
modern materials of very h igh  pe rmeab i l i t y  t h e  th i ckness  i s  ve ry  small  
p = 20,000 (Mu-metal i n i t i a l  pe rmeab i l i t y )  
a = 0.5 meter r a d i u s  
then 
-4 3 ( 0 ' 5 )  = 0.375 x 10 m = .0375 m i l l i m e t e r s  3 t =  2 x 20 x 10 
Usually a much t h i c k e r  material  i s  used f o r  mechanica2 reasons.  
Some s h i e l d  designs u t i l i z e  f o i l  which can be wound i n  a s p i r a l  c y l i n d e r  
i n t e r l e a v e d  with a non-magnetic s e p a r a t o r  t o  provide s e p a r a t i o n  of t h e  
l a y e r s .  For a s e l f  suppor t ing  s h i e l d ,  however, a m a t e r i a l  of .020" 
(1/2 mm) t o  .060 (1 1 / 2  mm) t h i ckness  i s  s u i t a b l e .  Suppose then  w e  wish 
t o  design a s h i e l d .  It i s  necessa ry  t o  p i c k  a s h i e l d i n g  material. For 
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s h i e l d i n g  a g a i n s t  t h e  e a r t h ’ s  magnetic f i e l d  Mu-metal ( o r  molypermalloy 
which has  very similar p r o p e r t i e s )  i s  q u i t e  s u i t a b l e .  Next, i t  i s  
necessary t o  determine t h e  dimensions des i r ed .  We s h a l l  choose a 
c y l i n d r i c a l  geometry and s p e c i f y  a l e n g t h  t h r e e  o r  f o u r  t i m e s  t h e  in-  
t e r n a l  diameter.  (This l e n g t h  i s  no t  considered i n  t h e  s h i e l d i n g  f a c t o r  
c a l c u l a t i o n  s i n c e  t h i s  f a c t o r  i s  c a l c u l a t e d  assuming an  i n f i n i t e  l e n g t h  
s h i e l d . )  This  l e n g t h ,  however, w i l l  be  d i scussed  i n  more d e t a i l  l a t e r .  
The material th i ckness  is  chosen g e n e r a l l y  f o r  mechanical s t a b i l i t y .  
S t e r n ( 2 )  has t h e o r e t i c a l l y  developed a r e c u r s i o n  procedure f o r  c a l c u l a t i n g  
t h e  s h i e l d i n g  f a c t o r  f o r  any number of s h i e l d s .  
f i n i t i o n s  f o r  t h i s  procedure are g iven  below w i t h  two examples a long wi th  
a d i s c u s s i o n  of t h e  cho ice  of t h e  va lue  of pe rmeab i l i t y  t o  be used f o r  
each c y l i n d e r .  Since pe rmeab i l i t y  of magnetic materials i s  n o t  c o n s t a n t ,  
but  depends upon t h e  f l u x  d e n s i t y  i n  i t ,  the pe rmeab i l i t y  t o  be used i n  
each c y l i n d e r  has  t o  be determined. 
The formulas and de- 
Formulas f o r  r e c u r s i o n  s o l u t i o n  of s h i e l d i n g  f a c t o r  f o r  
(2) m u l t i p l e  c y l i n d r i c a l  s h i e l d s  a f t e r  S t e r n  
Shielding f a c t o r  Bo/Bi = F ( t h e o r e t i c a l  f o r  i n f i n i t e  s h i e l d  
l eng th )  
Fm+l = 1 / 2  ‘un+l + vn+l) 
u1 = v1 = 1 
U = a u + BiVi i+l i i 
i+l i i i i  
= a u + 6 . v  V 
a = 1 - E  - - E  + (!J+l) i i i,i+l 
6 .  1 = E i,i+l + E i / P  (l-Ei,i+l 1 
a i = WEi + E i , i+l - (!J+U (EiEi,i+l 1 
S . = l - E  - E  + E E [(P+1>/!JI 
1 i i,i+l i i+l 
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and 
E = o  n , n+l  
where 
a ,b .  are t h e  i n n e r  and o u t e r  r a d i i  of t h e  ith s h i e l d  r e spec t -  
i i  
i v e l y  . 
It i s  only necessary t o  p i c k  t h e  p rope r  va lue  of t h e  permea- 
b i l i t y  1.1 f o r  each s h i e l d .  
the f l u x  d e n s i t y  Bi i n  t h e  ith s h i e l d  and s i n c e  t h i s  i n c r e a s e s  i n  each 
s h i e l d  as w e  move from t h e  c e n t e r  outwards p w i l l  be  somewhat d i f f e r e n t  
f o r , e a c h  s h i e l d ,  see graph (1.1 vs B): I f  t h e  s h i e l d  is  t o  be used i n  
high f i e l d s  o r  is ve ry  l a r g e  and of ve ry  t h i n  m a t e r i a l ,  i t  i s  necessa ry  
t o  guard a g a i n s t  s a t u r a t i o n  of t h e  s h i e l d i n g  material. 
i s  t o  b e  used i n  the  e a r t h ’ s  f i e l d ,  however, i t  i s  necessary t o  t a k e  
s a t u r a t i o n  i n t o  account only when t h e  s h i e l d  is ve ry  t h i n  o r  very l a r g e  
i n  diameter.  Usual ly ,  t h e  w a l l  t h i c k n e s s  is made many t i m e s  t h i c k e r  
t han  necessary because of t h e  s t r u c t u r a l  s t r e n g t h  required.  
doubt t h i s  may be est imated as fol lows.  
(hollow o r  s o l i d )  of high pe rmeab i l i t y  w i l l ,  when placed i n  a uniform 
f i e l d  of f l u x  d e n s i t y  B,  concen t r a t e  t h a t  f i e l d  a t  i t s  s u r f a c e  as 
shown i n  the  f i g u r e .  
Since t h e  pe rmeab i l i t y  1 . 1 ~  i s  a f u n c t i o n  of 
i 
I f  t h e  s h i e l d  
I n  case of 
F i r s t ,  any sphere o r  c y l i n d e r  
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The f l u x  d e n s i t y  be fo re  t h e  c y l i n d e r  o r  sphere is pu t  i n t o  i t  i s  B ,  
a f t e r  p u t t i n g  t h e  c y l i n d e r  o r  sphe re  i n t o  t h e  f i e l d  t h e  f l u x  d e n s i t y  j u s t  
o u t s i d e  the  c y l i n d e r  o r  sphere along t h e  diameter  i n  t h e  f i e l d  d i r e c t i o n  
w i l l  b e  2B f o r  the c y l i n d e r  and 3 B  €or a sphere.  I f  t he  c y l i n d e r  o r  
sphere is  hollow and of h igh  pe rmeab i l i t y ,  t h e  f l u x  w i l l  be concen t r a t ed  
i n  t h e  s h e l l  as shown i n  t h e  f i g u r e  below, i n c r e a s i n g  the  f l u x  d e n s i t y  
0 0 
- 96 - 
" , 
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I 
i n  t h e  s h e l l  a t  t h e  diameter  A A' by approximately the  r a t i o  a / t .  
an unpublished paper by W. G.  wade^'^) t h e  f l u x  d e n s i t y  i n  t h e  s h e l l  
( c y l i n d r i c a l )  i s  given by 
I n  
B ( 0 )  = 2B [l + 5 s i n e ]  
0 
as a f u n c t i o n  of t he  ang le  0 .  
s h e l l  i s  a maximum and i s  
When 8 i s  90" t h e  f l u x  d e n s i t y  i n  t h e  
B = 2Bo [l + 51 max 
Wadey f u r t h e r  sugges t s  t h a t  s i n c e  t h e  f l u x  d e n s i t y  varies from p o i n t  
t o  p o i n t  and from comparison w i t h  measured v a l u e s  t h a t  an e f f e c t i v e  
Beff  should be used which is  0.6 Bmax. Then assuming a / t  >> 1 w e  have: 
o r  
= 0.6 (a / t )  2Bo 
= 1.2 ( a / t )  Bo 
Beff 
Beff 
This Beff  can then  be en te red  i n t o  a B vs.  1-1 curve f o r  the material 
used, s h i e l d  and an approximate va lue  of 1-1 obtained.  
For s h i e l d s  used i n  t h e  e a r t h ' s  f i e l d  t h i s  c a l c u l a t i o n  is  
A s  an  example l e t  u s u a l l y  only necessary f o r  t h e  outermost s h i e l d .  
Bo = 0.7 gauss,  s h i e l d  r a d i u s  = 0.5 meters, material th i ckness  = 1 mm = 
10-3 meters, material mu-metal, then: 
from t h e  curve w e  o b t a i n  1-1 = 140,000 which 
pe rmeab i l i t y  and not  f a r  below s a t u r a t i o n .  
The exac t  s h i e l d i n g  f a c t o r  f o r  a 
f i n i t e  l e n g t h  g iven  by S t e r n ( 2 )  is 
1680 gauss 
i s  very' c l o s e  
single s h i e l d  
t o  t h e  maximum 
c y l i n d e r  of in- 
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2 i f  p >> 2 and (a /b)  >> 1 t h i s  reduces t o  
t h i s  is a l s o  g iven  by Wil ls(3)  i n  a much earlier paper.  
Using t h i s  formula and the same f i g u r e s  as above where: 
a = 1.000 m 
b = 1.001 m 
1.4 lo5  C1 - ( L O O O ) ~ ]  
4 1.001 F -  
= 35,000 [ .002] = 70 
Then 
Bi = 0.7/70 = 0.01 gauss  
and i f  t h i s  v a l u e  were app l i ed  t o  a second s h e l l  i n s i d e  t h e  f i r s t  of 
approximately similar concen t r a t ion  
and 
= 24 ( i n  the second s h e l l )  B e f f 2  
p 2  = 32,000 
Note t h a t  i n  t h i s  case of l a r g e  diameter  and s m a l l  t h i ckness  we come 
very  c l o s e  t o  the maximum permeabi l i ty .  One h a l f  t h e  th i ckness  of 
material  o r  t w i c e  t h e  diameter  would.have pushed us j u s t  over t h e  hump 
i n t o  s a t u r a t i o n .  I f  w e  had a f l u x  d e n s i t y  of around 7000 gauss w e  would 
have had both  a d r a s t i c a l l y  reduced pe rmeab i l i t y  and s h i e l d i n g  f a c t o r .  
I n  t h i s  ca se  i t  w a s  prudent  t o  make t h i s  c a l c u l a t i o n  and a l s o  t o  make 
t h e  c a l c u l a t i o n  f o r  t h e  second s h i e l d  s i n c e  w e  now have a pe rmeab i l i t y  
of 32,000 w e l l  above the i n i t i a l  pe rmeab i l i t y  o f  20,000. For any addi- 
t i o n a l  s h i e l d s  we would use p = 20,000, t h e  i n i t i a l  permeabi l i ty  of mu- 
m e  t a l .  
We would now be  i n  a p o s i t i o n  t o  use S te rn ' s  i t e r a t i v e  fo r -  
mulas  given p rev ious ly ,  u t i l i z i n g  t h e  j u s t  c a l c u l a t e d  va lues  of p ;  
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20,000 f o r  a l l  i n n e r  c y l i n d e r s ,  32,000 f o r  nex t  t o  t h e  o u t e r  and 
140,000 f o r  t h e  outermost cy l inde r .  While t h e  estimates of t h e s e  v a l u e s  
of pe rmeab i l i t y  were made from t h e  o u t s i d e  i n ,  it must be remembered t h a t  
the shielding factor calculations are made from the  ins ide  out. 
i n  t h e  p r e v i o u s l y  mentioned unpublished paper,  d e s c r i b e s  a method whereby 
a va lue  of f l u x  d e n s i t y  i s  assumed i n s i d e  t h e  innermost c y l i n d e r  and by 
a series of i t e r a t i o n s  t h e  proper  pe rmeab i l i t y  is found f o r  each concen- 
t r i c  s h e l l ,  one a t  a t i m e ,  wh i l e  using t h e  S t e r n  equat ions.  This  is a n  
e x c e l l e n t  procedure,  b u t  is u s u a l l y  not  necessary i f  the e x t e r n a l  f l u x  
d e n s i t y  i s  no g r e a t e r  than t h e  e a r t h ' s  f i e l d  and i t  does invo lve  a con- 
s i d e r a b l e  a d d i t i o n a l  amount of c a l c u l a t i o n .  It  can be used t o  estimate 
t h e  t o t a l  number of s h i e l d s  r equ i r ed ,  b u t  t h e  s t anda rd  S te rne  procedure 
can be run through f o r  a few sample s h i e l d s  of d i f f e r e n t  n and estimates 
of t he  t o t a l  s h i e l d i n g  f a c t o r  F can be made a f t e r  any number of s h i e l d s  
by s e t t i n g  E = 0 a t  t h a t  p o i n t  t o  see i f  t h e  d e s i r e d  f i e l d  r e d u c t i o n  
has been obtained.  
Wadey, 
n , n+l 
We w i l l  now c a l c u l a t e  t h e  s h i e l d i n g  f a c t o r s  f o r  two similar, 
b u t  d i f f e r e n t  t r i p l e  s h i e l d s  u t i l i z i n g  va lues  of pe rmeab i l i t y  ob ta ined  
by t h e  method above, b u t  f o r  new dimensions. There w i l l  be, t h r e e  
nes t ed  s h i e l d s ,  each of one m i l l i m e t e r  material th i ckness  of mu-metal. 
The s h i e l d  n e s t  1 w i l l  have an  i n n e r  diameter of 10  cm and a spacing 
between c y l i n d e r s  of 1 m i l l i m e t e r .  The second s h i e l d  n e s t  w i l l  a l s o  
have an i n t e r n a l  diameter  of 1 0  c m  b u t  w i l l  have a spacing between cy- 
l i n d e r s  of 1 cm. 
f a c t o r ,  b u t  w i l l  i n c r e a s e  t h e  e x t e r n a l  diameter considerably.  
This  g r e a t e r  spacing w i l l  y i e l d  a g r e a t e r  s h i e l d i n g  
The c a l c u l a t i o n  w i l l  be c a r r i e d  ou t  i n  some d e t a i l  s o  t h a t  
anyone wishing t o  make a s imilar  c a l c u l a t i o n  may r e a d i l y  do so.  
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For S h i e l d  Nest 1 
P e r m e a b i l i t i e s  e s t ima ted  by concen t r a t ion  formula f o r  mu-metal. 
pl = 20 x lo3 (innermost c y l i n d e r )  
= 20 x l o 3  
3 
(middle c y l i n d e r )  p2 
p3 = 42 x 1 0  (ou te r  c y l i n d e r )  
Dimensions 
Spacing of s h i e l d s  0.1 cm 
Thickness of s h i e l d  material 0.1 cm 
i n s i d e  d i a .  of  c y l i n d e r s  o u t s i d e  d i a .  of c y l i n d e r s  
a = 10.0 
a2 = 10.2 
a3 = 10.4 
1 bl = 10.1 ( inne r  c y l i n d e r )  
b2 = 10.3 (middle c y l i n d e r )  
b3 = 10.5 (ou te r  c y l i n d e r  
va lues  are c a l c u l a t e d .  i , i+l From t h e s e  va lues  of a and b t h e  Ei and E 
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2 
E 1 = (bl-al)/bl - 112 [(bl-al/bll 
2 
= (10.1-10)/10.1 - 1 / 2  [ (10.1-10)/10.1] 
= 0.1/10.1 - 1 / 2  [0.1/10.13 2 
= .009852 




are c a l c u l a t e d .  However, E t h e  outermost  i, i+l n,n+l '  S i m i l a r l y  t h e  E 
v a l u e ,  cannot  b e  c a l c u l a t e d  and most have some v a l u e  ass igned .  
i s  n o t  a f f e c t e d  by t h i s  choice  i t  may b e  made ze ro ,  hence E = 0. 
Since  F 
34 
2 
E = (a2-bl)/a2 - 1 / 2  [ ( a  -b > a  3 12  2 1 2  
2 = (10.2-10.1)/10.2 - 1 / 2  [0.1/10.2] 
= .009756 
2 = (10.4-10.3/10.4 - 1 / 2  [0.1/10.4] 
E 23 
= .009569 
E34 = 0 
= .009852 = .009756 
E = .009662 = .009569 2 
= .009478 E34 = 0 
The v a l u e s  of a ,  6, y ,  6 are next  computed. 
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a l = l -  El  - E12 + (lJl+l) 5 5 2  
3 
. . 1  = 1 - .009852 - .009756 + 20 x 10  (.009852) (.009756) 
= 1 - .009852 - .009756 + 1.922322 
= 2.902712 
a2 = 1 - E 2  - E 2 3  + (lJ2+1) E 2 E 2 3  
3 
= 1 - .009662 - .009569 + 20 x 1 0  (.009662) (.009569) 
= 1 - .009662 - .009569 + 1.849114 
= 2.829883 
= 1 - E3 - &34 + ( P + U  E3E34 c13 
= 1 - .009478 - 0 + 0 
= 0.990522 
I n  a l i k e  manner t h e  B's are computed 
= (.009756) (1-.009852) + 009852 3 (1-. 009756) 
= .009660 + 0 
20 x 10 
- lJ2 
P 2  - E 2 3  ( 1 - E 2 )  + - (1- 23 ) 
p2 
= .009569 (1-,009662) + *009662 3 (1-.009569) 
= .009477 + 0 
20 x 1 0  
For  y ' s  w e  have 
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y1 - V l  + &12 - (lJl+l) Ef12 
3 3 
= 30 x 10 (.009852) + .009756 - 20 x 10 (.009852) (.009756) 
= 197.04 + .009756 - 1.922322 
= 195.127 
'2 - '2&2 €23 - (~2+1) €2~23 
3 3 
= 20 x 10 (.009662) + .009569 - 20 x 10 (.009662) (.009569) 
= 191.400 
Y3 = ly3 + E34 + (v3+1) E3E34 
= 42 x lo3 (.009478) + 0 + 0 
= 398.076 
and finally the 6 ' s  
61 = 1 - El - E12 + E1E12 [-] 
= 1 - .009852 - .009756 + (.009852) (.009756) [l] 
= .980488 
62 = 1 - E2 - E23 + E2E23 [ll 
= 1 - .009662 - .009569 + (.009662) (.009569) 
= 0.980861 
6 3  = 1 - E3 - E34 + E3E34 [l] 
= 1 - .009478 - 0 + 0 
= 0.990522 
Summarizing we have 
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a1 = 2.9027 Bf = .OW66 y1 = 195.127 61 = 0.9805 
a 2 = 2.8299 8, = .00948 y2 = 191.400 6 2  = 0.9809 
a3 = 0.9905 B3 = 0 y3 = 398.076 63 = 0.9905 
From t h e s e  w e  c a l c u l a t e  t h e  v a l u e s  of  u and v s t a r t i n g  w i t h  u = 1 and 
v1 = 1 and each  from t h e  preceeding.  
1 
Then 
u2 = alUl + BIVl v2 = Y l U l  + BIVl 
= 2.90271 + .00966 = 195.127 + 0.9805 
= 2.91237 = 196.1075 
u3 = a2u2 + B2V2 v3 = Y2U2 + 62v2 
= (2.8299) (2.91237) = (191.400) (2.91237) 
u3 + ( .00948) (196.1075) v3 + (0.9809) (196.1075) 
= 10.1008 = 749.789 
v4 = y u + 63v3 3 3  
= (.9905) (10.1008) + 0 = (398.076) (10.1008) 
+ (. 9905) (749.789) 
= 10.005 = 4763.552 
u = 1.0000 
u2 = 2.9124 
u3 = 10.1008 
u4 = 10.005 
1 v1 = 1.000 
v2 = 196.1075 
v3 = 749.789 
v4 = 4763.552 
and f i n a l l y  t h e  v a l u e  of t h e  s h i e l d i n g  f a c t o r  is  determined as 
F = 1 / 2  (u4+vA) 
= 1 / 2  (10.01+4763.55) 
F = 2386.8 
Not ice  t h a t  i t  i s  d i f f i c u l t  t o  a s s i g n  ahead of t i m e  t h e  number of  deci-  
m a l  p l a c e s  t o  b e  c a r r i e d .  Rather ,  i t  is  b e s t  t o  c a r r y  along a t  l eas t  3 
and p o s s i b l y  4 s i g n i f i c a n t  f i g u r e s  and round o f f  t h e  f i n a l  v a l u e  of F. 
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We now make a s imilar  c a l c u l a t i o n  f o r  t h e  s h i e l d  n e s t  2, i n  
which t h e  inne r  s h i e l d  i s  i d e n t i c a l  t o  t h a t  i n  n e s t  1, b u t  t h e  next  two 
s h i e l d s  have been inc reased  i n  diameter s o  t h a t  t h e  spacing between t h e  
s h i e l d s  i s  1.0 cen t ime te r  i n s t e a d  of 1 m i l l i m e t e r .  The s h i e l d i n g  f a c t o r  
w i l l  be  inc reased  a t  the  expense of more volume requ i r ed  f o r  t h e  s h i e l d  
and i n  a d d i t i o n  w i l l  u se  somewhat more s h i e l d i n g  material  due t o  t h e  
l a r g e r  diameters  of t h e  two o u t e r  s h i e l d s .  
The c a l c u l a t i o n s  w i l l  n o t  be shown i n  d e t a i l  b u t  a t a b l e  of 
t h e  E ’ S  and o t h e r  parameters  i s  given below f o r  comparison wi th  those  
ob ta ined  f o r  t h e  p rev ious  c a l c u l a t i o n .  
The dimensions of t h e  c y l i n d e r  f o r  t h i s  n e s t  are: 
al = 10.0 bl = 10.1 i n n e r  cy l .  
a = 11.1 b2 = 1 1 . 2  middle cy l .  
a3 = 12.2 b3 = 12.3 o u t e r  cy l .  
2 
3 3 b u t  now p3 = 47 x 10 and p1 = p 2  = 20 x 1 0  
meter and hence inc reased  s a t u r a t i o n  of t h e  mu-metal. This  i n  i t s e l f  
w i l l  l e a d  t o  an inc reased  s h i e l d i n g  f a c t o r .  





= 17.855871 B, = .0851844 
= 14.887433 B 2  = .077909’ 
“1 
a2 
a3 = 0.991903 B3 = 0 
u1 = 1 
u2 = 17.941 
u3 = 282.519 
u4 = 280.231 
= 0.086032 
= 0.078608 
E34 = 0 
y1 = 180.174 
y2 = 163.884 
y3 = 380.559 
61 = .go4963 
6 2  = .913202 
A 3  = .991903 
v = ‘1 
v = 181.079 
v = 3105.605 
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The s h i e l d i n g  f a c t o r  i s  c a l c u l a t e d  as 
F = 1 /2  (u4+v4) = 1 / 2  (280.2+110,595,6) 
F = 55,438 
The s h i e l d i n g  f a c t o r  f o r  several  o t h e r  spac ings  h a s  a l s o  been computed 
(with t h e  p rope r  v a l u e  of 1-1) and has  been p l o t t e d  ( see  graph) t o  show 
how a n  improvement i n  the  s h i e l d i n g  f a c t o r  can be  obta ined  by simply 
i n c r e a s i n g  only t h i s  spacing.  






A s  can be seen t h e  s h i e l d i n g  f a c t o r  of t h e  second n e s t  i s  
over 20 times t h a t  of t h e  f i r s t ,  The inc reased  spacing inc reased  t h e  
E v a l u e s  which i n  t u r n  inc reased  t h e  c1 and B v a l u e s  which i n  t u r n  
inc reased  t h e  u and v va lues .  This  i s  an a p p r e c i a b l e  g a i n  i n  s h i e l d i n g  
f a c t o r  obtained a t  l i t t l e  expense and as f a r  as t h i s  writer knows has  n o t  
been mentioned i n  o t h e r  ar t ic les  r e l a t i n g  t o  t h e  s u b j e c t  of s h i e l d i n g .  
i , i+l 
It might be mentioned h e r e  t h a t  because of t h e  l a r g e  v a l u e  of 
t h e  s h i e l d i n g  f a c t o r  i t  is sometimes given i n  terms of db, i n  which 
case; 
F (db) = 20 loglOF 
F (db) = 20 loglo (2,386) = 20 (3.3777) 
F (db) = 68 db ( n e s t  1 )  
and s o  f o r  F = 2,386 
and f o r  F = 55,438 
F (db) = 20 l o g  (55,438) = 20 (4.7438) 
F (db) = 95 db ( n e s t  2) 
Each 6 db i n c r e a s e  corresponds ve ry  c l o s e l y  t o  a f a c t o r  of 2 improve- 
ment i n  t h e  s h i e l d i n g  f a c t o r  (each 3 db, a f a c t o r  of 1.4 and each 20 db, 
a f a c t o r  of  10 ) .  
would be f o r  a n e s t  of c y l i n d e r s  which has t h e  same o u t e r  r a d i u s  (12.3 
cen t ime te r s )  as the  o u t s i d e  c y l i n d e r  of n e s t  2 b u t  has t h e  same spacing 
( 1  m i l l i m e t e r )  as n e s t  1. This would g i v e  an i n n e r  r a d i u s  and hence 
working volume cons ide rab ly  l a r g e r  b u t  would have a s h i e l d i n g  f a c t o r  
more l i k e  t h a t  of n e s t  1. 
It might be i n t e r e s t i n g  t o  see what t h e  s h i e l d i n g  f a c t o r  
L e t  Sh ie ld  Nest 3 
al = 11.8 
a2 = 12.0 
a3 = 12.2 
bl = 11.9 ( inne r  c y l )  
b2 = 12.1 (middle c y l )  
b3 = 12.3 (ou te r  c y l )  
- = 20 x 10 i n n e r  and middle cy l .  vl - v2 
p3 = 47 x 10 o u t e r  cyl .  
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Now, as pointed out  by  wade^'^) i f  a l l  dimensions are changed 
by t h e  same f a c t o r  t h e  concen t r a t ion  r a t i o  of each s h e l l  s t a y s  t h e  same, 
hence pe rmeab i l i t y  s t a y s  t h e  same and s i n c e  t h e  s h i e l d i n g  f a c t o r  F depends 
only t o  t h e  ratio of t h e  dimensions, t h e  f a c t o r  F remains unchanged. 
Hence s c a l i n g  a l l  dimensions ( t h i c k n e s s e s  and spacings)  by t h e  same f a c t o r  
w i l l  g i v e  t h e  same va lue  of F. 
I f  w e  apply t h i s  i d e a  t o  c y l i n d e r  n e s t  1 mul t ip ly ing  each 
r a d i u s  by 1.1714 t o  scale i t  up t o  t h e  s i z e  of s h i e l d  n e s t  3 ,  w e  f i n d  
al = 1 1 . 7 1  bl = 11.83 ( inne r  cyl . )  
a2 = 11.95 b2 = 12.07 (middle cy l . )  
a3 = 12.18 = 12.30 ( o u t e r  cyl . )  b3 
A n e s t  of c y l i n d e r s  w i t h  t h e s e  dimensions would have e x a c t l y  the same 
s h i e l d i n g  f a c t o r  (F = 2386) as n e s t  1 and s i n c e  t h e s e  dimensions are 
ve ry  s i m i l a r  t o  those j u s t  suggested we can conclude t h a t  t h e  s h i e l d i n g  
f a c t o r  would b e  n e a r l y  t h e  same. 
d i r e c t  c a l c u l a t i o n  by u t i l i z i n g  t h i s  p rope r ty  of s h i e l d s  t o  o b t a i n  
a good approximation t o  t h i s  new conf igu ra t ion .  
Hence w e  have avoided t h e  l e n g t h l y  
Some o t h e r  remarks are p e r t i n e n t  here .  I n  designing a s h i e l d  
a g a i n s t  t he  e a r t h ' s  magnetic f l u x  d e n s i t y  (B 2: 0.7 gauss;  0.7 x lom4 
webers/sq.  m.) a cons ide rab le  improvement i n  s h i e l d i n g  f a c t o r  can be ob- 
t a i n e d  i f  t h e  s h i e l d  th i ckness  and diameter are made such t h a t  t h e  f l u x  
concen t r a t ion  p l a c e s  t h e  material a t  o r  nea r  t h e  maximum of the material 
Pe rmeab i l i t y  curve (see curve) .  I f  t h e  f l u x  d e n s i t y  i n  t h e  material i s  
kep t  above 800 gauss and below.4000 gauss the  pe rmeab i l i t y  w i l l  be  
g r e a t e r  than 100,000 f o r  mu-metal. For s m a l l  diameter s h i e l d s  t h i s  may 
r e q u i r e  a very t h i n  material. 
= 2000 gauss (max 11) *eff I f  w e  assume B = 0.7 gauss ,  0 
Then - 
2000 eff  .83 -(;) = - 8 3  -= 
0 0.7 B 
fl 
a 
a (5> = 2380 
-3 I f  a = 10 cm, t = 4.2  x 10 cm o r  .0017 inches 
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I n  t h i s  case t h e  c y l i n d e r  would not  b e  s e l f  suppor t ing  and 
would be d i f f i c u l t  t o  handle.  On t h e  o t h e r  hand, 0.05 cm (about .020 
i nches )  material can be made i n t o  c y l i n d e r s  up t o  10 cm r a d i u s  r a t h e r  
e a s i l y  and a n e s t  can b e  sepa ra t ed  w i t h  Styrofoam o r  b a l s a  wood wedges 
t o  form a s t u r d y  conf igu ra t ion .  A 1 0  cm r a d i u s  w i t h  t = 0.05 cm g i v e s  
IO 
Beff  = (1.2) (0.05) (0.7) 
= 168 
w i t h  a p = 51,000 f o r  t h e  outermost cy l inde r .  
The f l u x  concen t r a t ion  must then,  as mentioned p rev ious ly ,  be 
c a l c u l a t e d  f o r  each succeeding c y l i n d e r  going inwards u n t i l  t h e  i n i t i a l  
pe rmeab i l i t y  of p = 20,000 i s  reached. 
A s  w a s  mentioned p rev ious ly ,  s h i e l d s  can b e  wound i n  s p i r a l  
form w i t h  an i n t e r l e a v i n g  s e p a r a t o r  of cardboard o r  copper shee t .  T h i s  
would allow us  t o  have a good mechanical conf igu ra t ion  w i t h  a ve ry  t h i n  
s h i e l d i n g  material. 
of t h i n  s h e e t s  is not  t h e  same as t h a t  of t h i c k e r  material, d a t a  i s  n o t  
as r e a d i l y  a v a i l a b l e  and t h e  s h i e l d  cannot be h e a t  t r e a t e d  a f t e r  con- 
s t r u c t i o n .  Heat t r e a t i n g  (anneal ing)  i n  a hydrogen atmosphere is nec- 
e s s a r y ,  a f t e r  mechanical working, t o  o b t a i n  t h e  optimum pe rmeab i l i t y  of 
mu-metal. The advantages and disadvantages of s p i r a l  c o n s t r u c t i o n  
should be thoroughly considered be fo re  a d e c i s i o n  t o  u s e  t h i s  t ype  con- 
s t r u c t i o n  is  made. 
Seve ra l  d i f f i c u l t i e s  h e r e  are t h a t  t h e  pe rmeab i l i t y  
End Effe'cts 
The caZcuZations above are based on the assumption tha t  the 
shieZds are i n f i n i t e  Zength cyZinders with the fieZd transverse or 
perpendicuzar t o  the cyZinder axis.  
i n f i n i t e  i n  length.  An a l t e r n a t i v e  is  t o  provide a t i g h t  f i t t i n g  over- 
lapping cap f o r  each of t h e  c y l i n d e r s  i n  t h e  n e s t  on both ends of a f i n i t e  
l e n g t h  c y l i n d e r .  
diameters  t h i s  approximates t h e  i n f i n i t e  l e n g t h  c y l i n d e r  s u f f i c i e n t l y  
w e l l  f o r  a l l  cases except  t h e  most p r e c i s e .  
I n  p r a c t i c e  t h e  s h i e l d  cannot b e  
I n  t h e  p r a c t i c a l  ca se  where t h e  s h i e l d  l e n g t h  i s  a few 
I n  many cases, however, 
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t h i s  is not  p o s s i b l e .  A t  least  one end of t h e  c y l i n d e r  must be open. 
Furthermore, such caps a r e  q u i t e  expensive t o  have f a b r i c a t e d .  It has  
been shown t h a t  i f  a s e m i - i n f i n i t e  c y l i n d e r  i s  considered,  that t h e  
f i e l d  a t  t h e  open end i s  j u s t  one-half t he  o r i g i n a l  e x t e r n a l  f i e l d .  
Measurements on even s h o r t  c y l i n d e r s  have shown t h a t  t h i s  is  i n  f a c t  t r u e  
and may be even less and n e a r e r  t o  1 / 3  t h e  o r i g i n a l  f i e l d ,  
i n  a very p r a c t i c a l  paper d i s c u s s e s  t h e  f i e l d  p e n e t r a t i o n  i n t o  very 
s h o r t  c y l i n d e r s  and cones and p r e s e n t s  d a t a  f o r  a number of s i z e s .  For 
an &a2 fieZd t h i s  i s  not true and t h e  f i e l d  a t  the mouth of the cy l in -  
d e r  i s  approximately equa l  t o  t h e  o r i g i n a l  e x t e r n a l  f i e l d .  It  is re i t -  
e r a t e d  h e r e  t h a t  t o  o b t a i n  maximum a t t e n u a t i o n  of t h e  f i e l d  i t  i s  
necessary t o  o r i e n t  t h e  s h i e l d  s o  t h a t  t he  a x i s  i s  perpendicular  t o  t h e  
o r i g i n a l  e x t e r n a l  f i e l d  d i r e c t i o n .  This i s  u s u a l l y  no t  d i f f i c u l t  t o  do. 
The s h i e l d  may b e  placed w i t h  i t s  a x i s  h o r i z o n t a l  and t h i s  a x i s  r o t a t e d  
i n  t h e  h o r i z o n t a l  plane u n t i l  t h e  above cond i t ion  ob ta ins .  
(6)  Teasdale 
I f  one o r  both ends of the s h i e l d i n g  cy l inde r  i s  open, t h e  
f l u x  w i l l  p e n e t r a t e  i n t o  t h e  ends and reduce t h e  s h i e l d i n g  t h e r e  as shown 
i n  t h e  f i g u r e .  I f  one goes i n t o  the  c y l i n d e r  f a r  enough t h e  maximum 
f 
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a t t e n u a t i o n  i s  reached. A s  a p r a c t i c a l  measure t h e  p o i n t  where t h e  
s h i e l d i n g  f a c t o r  i s  68% of maximum F is a f u n c t i o n  of the diameter D and 
a l s o  of F. 
l u s t r a t e d  i n  t h e  loga r i thmic  graph. P o i n t s  from Teasdales paper and d a t a  
which w e  have ob ta ined  f a l l  c l o s e  t o  t h i s  l i n e .  It i s  suggested t h a t  
t h i s  r e l a t i o n s h i p  be taken as a good g e n e r a l  guide as t o  how f a r  one must 
go i n t o  an' open-ended c y l i n d r i c a l  s h i e l d  t o  o b t a i n  approximately 2 / 3  of 
t h e  maximum s h i e l d i n g  p o s s i b l e .  
a f u n c t i o n  as fo l lows  
 wade^'^) using Esmarchs(6) d a t a  h a s  proposed a f u n c t i o n  il- 
The d a t a  can b e  i n t e r p r e t e d  as g i v i n g  
X loglOF = 8.83 (5) - 1.826 
This i s  an e m p i r i c a l  formula,  b u t  i t  covers  d a t a  from t h r e e  sources  
r e l a t i v e l y  w e l l  over a wide range of c y l i n d e r  l e n g t h  t o  diameter r a t i o s  
and from one t o  many s h e l l s  i n  a n e s t .  A s  can b e  seen from t h e  curve,  
t h e  h i g h e r  t h e  s h i e l d i n g  f a c t o r  t h e  f a r t h e r  one must go i n t o  t h e  c y l i n d e r  
t o  achieve 68% of t h a t  f a c t o r .  It a l s o  shows t h a t  i f  one goes i n t o  t h e  
c y l i n d e r  a t  least  one diameter ( f o r  a n e s t ,  t h e  i n s i d e  diameter) the 
68% p o i n t  i s  reached even f o r  F = 10 . For a n e s t  of s h e l l s  of l e n g t h  
t h r e e  t i m e s  i t s  i n n e r  diameter,  t h e  middle t h i r d  should then have a 
s h i e l d i n g  f a c t o r  g r e a t e r  than t h a t  68% of F, even f o r  h igh  va lues  of F. 
For t h i s  reason i t  w a s  mentioned earlier t h a t  t h e  L/D r a t i o  of open ended 
7 
s h i e l d s  should be around 3 o r  4 .  I f  one end of t h e  s h i e l d  n e s t  is  
t i g h t l y  c losed w i t h  w e l l - f i t t i n g  caps on each of t h e  s ,h ie lds  i n  t h e  
n e s t ,  t h i s  capped end should look l i k e  an i n f i n i t e  l e n g t h  end except  
p o s s i b l y  very c l o s e  t o  t h e  end su r face .  Approximately two-thirds of t h i s  
n e s t  (L/D = 3) should then be usable .  
A s  a p r a c t i c a l  r u l e  of thumb w e  g i v e  t h e  following f o r  u s a b l e  
l e n g t h  (Lu) (where e f f e c t i v e  s h i e l d i n g  2 .68 F) 
Both ends open 
One end open 
Both ends capped 
L = (L - 2D) 
Lu = (L - D )  
L = L  
U 
U 
where D = d ia .  i n n e r  c y l i n d e r  
L = l e n g t h  of cy l inde r .  
- 1 1 2  - 
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Sub jec t  t o  t h e  r e s t r i c t i o n s  noted above t h i s  should always g i v e  a safe  
s h i e l d i n g  l eng th .  Care must be taken t h a t  t he  s h i e l d  axis i s  perpen- 
d i c u l a r  t o  the  o r i g i n a l  f i e l d  d i r e c t i o n  t o  achieve maximum s h i e l d i n g .  
It may a l s o  be d e s i r e d  t o  s h i e l d  a g a i n s t  a l t e r n a t i n g  f i e l d s  
such as would be produced by t r ans fo rmers ,  lamps, motors o r  main 
wi r ing  a t  say t h e  u s u a l  l i n e  frequency of 60 c y c l e s  p e r  second. I f  t h e  
e s t ima ted  o r  measured peak f l u x  d e n s i t y  i s  approximately t h e  same as 
t h e  s t a t i c  f l u x  d e n s i t y  f o r  which t h e  s h i e l d  w a s  designed no a d d i t i o n a l  
p recau t ions  are necessa ry  s i n c e  t h e  s h i e l d i n g  f a c t o r  f o r  varying f i e l d s  
i n c r e a s e s  as t h e  frequency i n c r e a s e s .  Nevertheless ,  because t h e  o r i en -  
t a t i o n  of t h e  s h i e l d  wi th  r e s p e c t  t o  the  A . C .  f i e l d s  may n o t  b e  optimum 
i t  i s  b e s t  t h a t  devices  ope ra t ing  from t h e  power l i n e  should b e  kep t  a t  
some d i s t a n c e  ( a t  least  a few f e e t )  from t h e  s h i e l d s  i n  which case there 
should b e  no problem. It  might be d e s i r e d ,  however, t o  have a l i g h t  i n s i d e  
the  s h i e l d .  I n  t h i s  case, i t  would be p o s s i b l e  t o  design a s p e c i a l  s h i e l d  
j u s t  f o r  t h e  l i g h t  and r e l a t e d  wi r ing ,  b u t  i t  would perhaps be b e t t e r  t o  
l o c a t e  t h e  l i g h t  a t  some d i s t a n c e  from t h e  s h i e l d  and focus the  l i g h t  
i n t o  i t  by m i r r o r s  and l e n s e s .  An a l t e r n a t i v e  method would be t o  l e a d  
t h e  l i g h t  by means of a " l i g h t  pipe",  i n t o  t h e  s h i e l d .  
e f f e c t i v e  l i g h t  p i p e  c o n s i s t s  of a s o l i d  l u c i t e  rod bent  t o  t h e  d e s i r e d  
shape. The ends are c u t  s t r a i g h t  a c r o s s  and po l i shed .  To o b t a i n  maximum 
l i g h t  t r ansmiss ion  t h e  ''pipe" s i d e s  should be po l i shed  and supported 
by narrow edges such as a h o l e  through a t h i n  s h e e t  of metal o r  a w i r e  
A very s imple b u t  
loop. 
I f  the varying f i e l d  i s  of cons ide rab le  magnitude and cannot 
 wade^'^) g ives  formulas f o r  t h e  a t t e n u a t i o n  of s h i e l d s  a g a i n s t  
be removed i t  may be necessary t o  s p e c i f i c a l l y  design a s h i e l d  f o r  t h i s  
purpose. 
varying f i e l d s .  
Schweizer(8) d e r i v e s  a gene ra l  procedure f o r  concentkc spheri-  
cal sheZZs f o r  any number and g ives  s p e c i f i c  formulas f o r  one, two and 
t h r e e  s h e l l s .  H e  f u r t h e r  makes v a r i o u s  approximations when t h e  th i ck -  
nes s  of t h e  s h e l l s  are small and when t h e  pe rmeab i l i t y  i s  l a r g e .  H e  does 
not  t a k e  i n t o  cons ide ra t ion  t h e  f a c t  t h a t  t h e  pe rmeab i l i t y  is d i f f e r e n t  
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f o r  d i f f e r e n t  s h e l l s ,  however, except i n  t h e  g e n e r a l  procedure.  His 
f i n a l  t h r e e  approximations appear t o  have an e r r o r  i n  the numerical  
f a c t o r  and a f u r t h e r  c o n d i t i o n  must be t r u e ,  i .e.,  d must no t  be too  
s m a l l .  
are : 
Schweizer 's  ear l ier  approximations which appear t o  be c o r r e c t  
i f :  (bi-ai)/bi = ti << 1 f r a c t i o n a l  metal t h i c k n e s s  
= di C <  1 f r a c t i o n a l  a i r  space th i ckness  (a i+l-bi)  jai+1 
and a l s o  
l.I >> 1 
Then f o r  one s h e l l  
F = 1 + 2/3 1.1 ti 
two s h e l l s  
2 F = 1 + 2 /3  1.1 (ti+t2) + 4/3 1.1 tlt2 dl 
t h r e e  s h e l l s  
These are u s e f u l  and r e a l i s t i c  approximations and can be used w i t h  re- 
s e r v a t i o n s  t o  estimate the  s h i e l d i n g  f a c t o r  of c y l i n d r i c a l  s h i e l d s .  For 
s h o r t  capped c y l i n d r i c a l  s h i e l d s  where L % D they  are probably q u i t e  
good. For long c y l i n d r i c a l  s h i e l d s  i t  would be b e s t  t o  develop similar 
approximate formulas s t a r t i n g  from S t e r n ' s  exac t  equat ions o r  use 
W i l l ' s  formulas f o r  one t o  t h r e e  s h e l l s  as g iven  i n   wade^'^). 
example w e  w i l l  c a l c u l a t e  using t h e  s p h e r i c a l  formula above t h e  s h i e l d i n g  
f a c t o r  f o r  a t r i p l e  s p h e r i c a l  s h i e l d  wi th  t h e  same r a d i i  as the cy l in -  
d r i c a l  s h i e l d  n e s t  1 prev ious ly  computed using S t e r n ' s  formulas. 
A s  an 
a = 10.0 bl = 10.1 i n n e r  sphere r a d i i  
a2 = 10.2 b2 = 10.3 middle sphere r a d i i  
a = 10.4 b3 = 10.5 o u t e r  sphere r a d i i  
1 
3 
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a l s o  l e t  
3 
p = 20 x 10 
3 3 
= 20 x 10  x 20 x 10 2 
3 3 3 3 
u = u p 2  
u = p1p2p3 = 20 x 10 x 20 x 10 x 42 x 10 
as an a t t empt  t o  compensate f o r  changing permeabi l i ty .  
Then 
tl = (bl-al)/bi = 0.1/10.1 = .00990 
t2 = 0.1/10.3 = .00971 
t3 = 0.U10.5 = .00952 
dl = ( a  -b ) / a 2  = 0.1/10.2 = .0098 
d2 = 0.U10.4 = .00962 
2 1  
F = 1 + 2/3 (20x103) (.02913) + 4/3  ( 2 0 ~ 1 0 ~ ) ~  ( 3 . 6 6 2 ~ 1 0 - ~ )  
+ 8/3 ( 2 0 ~ 1 0 ~ ) ~  ( 4 2 ~ 1 0 ~ )  (86 ,431~10  -15 
F 1 + 38.8 + 1953 + 3872 = 5865 
Approximately 3 /4  of t h i s  should be  taken t o  approximate a 
c y l i n d e r ,  hence F 
t o  our p rev ious  r e s u l t  b u t  i t  admi t ted ly  i s  on ly  an approximation. 
2 4398 which i s  about  1.8 t i m e s  t o o  l a r g e  as compared 
C 
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CHAPTER 7 
HOW TO MEASURE MAGNETIC F I E L D S  
I n  o r d e r  t o  draw conclusions and make c a l c u l a t i o n s  as w e l l  
as t o  d e s c r i b e  a magnetic f i e l d  f o r  o t h e r s  i t  i s  necessary t o  g i v e  i t  
a number o r  numbers w i t h  a p p r o p r i a t e  u n i t s  a t t ached .  Sometimes t h i s  
can be done simply by knowing t h e  c o n f i g u r a t i o n  of conductors,  c u r r e n t s  
and magnetic materials and making t h e  a p p r o p r i a t e  c a l c u l a t i o n s .  The 
f l u x  d e n s i t y  i n  t h e  r eg ion  of i n t e r e s t  is  g e n e r a l l y  designed t o  be a 
c e r t a i n  value and t h i s  is  known. But t o  r e l y  on t h e s e  c a l c u l a t i o n s  
a lone  i s  most u n s a t i s f a c t o r y  u n l e s s  measurements simply cannot be made 
f o r  some reason. For example, t he  r eg ion  of i n t e r e s t  might b e  extremely 
s m a l l  and/or  i n a c c e s s i b l e  when a l l  component p a r t s  are i n  place.  
t h i s  case, w e  would have t o  r e l y  on t h e  c a l c u l a t e d  va lue  alone. I n  
most cases, however, i t  i s  p o s s i b l e  and desirabZe t o  measure, by means 
of a c a l i b r a t e d  instrument ,  t he  magnitude of t h e  f l u x  i n  t h e  r eg ion  of 
i n t e r e s t .  
I n  
Most magnetic f l u x  measuring instruments  do J u s t  t h a t ,  measure 
t h e  f l u x  o r  f l u x  d e n s i t y  i n  t h e  r eg ion  of i n t e r e s t  and not  t h e  magneto- 
motfve f o r c e  o r  the magnetic f i e l d  s t r e n g t h  o r  i n t e n s i t y .  These i n s t r u -  
ments may be d iv ided  i n t o  t h e  fol lowing c a t e g o r i e s  based on p r i n c i p l e  of 
operat ion:  
moving c o i l s  - sna tch  c o i l s ,  r o t a t i n g  c o i l s  
H a l l  e f fect :  - semiconductor material 
f l u x  g a t e  - h igh  pe rmeab i l i t y  materials 
miscel laneous - semiconductor material-magnet d iodes  
a t t r a c t i o n  of small magnets, r o t a t i o n  of 
s m a l l  magnets, magnetic s e n s i t i v e  r e s i s t a n c e s  
Any of t h e s e  p r i n c i p l e s  can be inco rpora t ed  i n t o  an instrument  
of f a i r l y  high accuracy and p r e c i s i o n  which w i l l  hold i t s  c a l i b r a t i o n  
f o r  long pe r iods  of t i m e .  
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The accuracy r equ i r ed  i n  t h e  d e s c r i p t i o n  of t h e  magnetic f i e l d  
i n  b i o l o g i c a l  experiments i s  no t  n e c e s s a r i l y  high. 
of the f l u x  d e n s i t y  i s  on t h e  o r d e r  of 5% o r  even 10% t h i s  may be q u i t e  
s a t i s f a c t o r y .  
mity of t he  f l u x  d e n s i t y  i s  no t  r equ i r ed  then f o r  a given s i z e  c o i l  sys- 
t e m  we have a tremendously inc reased  working volume a v a i l a b l e .  
few experiments t o  d a t e  have shown a marked dependence of t h e  b i o l o g i c a l  
e f f e c t  on the  magnetic f l u x  d e n s i t y  and i t  is d i f f i c u l t  t o  imagine any 
b i o l o g i c a l  mechanism which would be more than l i n e a r l y  dependent on s m a l l  
d i f f e r e n c e s  i n  the magnetic f l u x  dens i ty .  There i s ,  of course,  t h e  pos- 
s i b i l i t y  of a "resonance" mechanism which would b e  sha rp ly  dependant on 
t h e  f l u x  d e n s i t y ,  b u t  from t h e  r epor t ed  r e s u l t s  t h i s  seems remote. Thus, 
i t  i s  u n l i k e l y  t h a t  an a b s o l u t e  measure of t h e  magnetic f l u x  d e n s i t y  of 
an accuracy b e t t e r  than 10% would be necessary.  
ment ( r e p r o d u c e a b i l i t y )  of about 2 o r  3% i s  q u i t e  d e s i r a b l e ,  however. 
Usually t h i s  can be accomplished wi th  most commercial instruments  u t i l i z -  
i n g  moving c o i l ,  f l u x  g a t e  o r  Hal l  e f f e c t  t r ansduce r s .  
I f  t h e  abso lu te  v a l u e  
A s  w a s  explained i n  Chapter 4 ,  i f  a h igh  degree of un i fo r -  
Only a 
A p r e c i s i o n  of measure- 
The moving c o i l  f l u x  meters o p e r a t e  on t h e  fol lowing p r i n c i p l e .  
A conductor c u t t i n g  l i n e s  of f l u x  w i l l  have an e l e c t r i c  p o t e n t i a l  produced 
a t  its ends due t o  t h e  f o r c e  on t h e  f r e e  charges  i n  t h e  conductor which 
is p r o p o r t i o n a l  t o  t h e  v e l o c i t y  w i t h  which t h e  conductor c u t s  t h e  l i n e s  
of f l u x  and the f l u x  dens i ty .  This  may be expressed i n  several ways: 
V = -'&k (MKS and CGS) d t  
where 
V = p o t e n t i a l  a t  t h e  wire t e rmina l s  
I$ = f l u x  
o r  
V = Blv (MKS and CGS) 
where 
B = f l u x  d e n s i t y  
1 = l e n g t h  of t h e  w i r e .  
v = v e l o c i t y  of t h e  w i r e  
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One of two mechanical arrangements is u s u a l l y  employed: a 
small f l a t  c o i l  of w i r e  of a number of t u r n s ,  i s  "snatched" o r  r a p i d l y  
removed from t h e  r eg ion  of f l u x  d e n s i t y  B1 t o  another  r eg ion  of f l u x  
d e n s i t y  B2 = 0. 
i s  pe rpend icu la r  t o  t h e  p l ane  of t h e  c o i l .  
It i s  pos i t i oned  so  t h a t  t h e  o r i g i n a l  f l u x  d e n s i t y  B1 
L e t  
then 
and 
e = t h e  in s t an taneous  v o l t a g e  produced a t  the  c o i l  t e r m i n a l s  
i = t h e  in s t an taneous  c u r r e n t  produced by t h e  v o l t a g e  through 
t h e  c i r c u i t  r e s i s t a n c e  
r = t h e  c i r c u i t  r e s i s t a n c e  
N = t h e  number of t u r n s  i n  t h e  c o i l  
4 = t h e  f l u x  through t h e  c o i l  where 4 = BA 
A = t h e  c o i l  area 
e = -N (MKS and CGS) d t  
i f  we  i n t e g r a t e  t h i s  ove r  t h e  t i m e  t r equ i r ed  t o  move t h e  c o i l  from 
f l u x  +1 t o  9, ( f l u x  d e n s i t y  B1 t o  B2) 
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then 
$1 0 
Solving w e  f i n d  
4 = and B = $ (MKS and CGS) 
A b a l l i s t i c  galvanometer w i l l  produce a d e f l e c t i o n  p r o p o r t i o n a l  
t o  t h e  charge passed through i t  i n  a s h o r t  t i m e .  Thus, t h e  d e f l e c t i o n  
of a b a l l i s t i c  galvanometer a t t ached  t o  a "snatch" c o i l  can be c a l i b r a t e d  
i n  terms of e i t h e r  4 o r  B i f  n,  t h e  number of t u r n s  i n  t h e  c o i l ,  r t h e  
t o t a l  r e s i s t a n c e  of t h e  c i r c u i t  and A t h e  area of the c o i l  are known. 
P o r t a b l e  b a l l i s t i c  galvanometers c a l i b r a t e d  i n  terms of f l u x  are known as 
f luxmeters  o r  i n t e g r a t i n g  fluxmeters.* 
u t i l i z i n g  o p e r a t i o n a l  a m p l i f i e r s  are a l s o  used t o  provide the conversion 
of q t o  e and hence B, i .e.,  t o  i n t e g r a t e  t h e  c u r r e n t  produced by t h e  
sea rch  coil.** Search o r  "snatch" c o i l s  f o r  t h e s e  instruments  are n o t  
d i f f i c u l t  t o  make f o r  s p e c i f i c  a p p l i c a t i o n s  and can be r e a d i l y  c a l i b r a t e d  
i n  t e r m s  of t h e i r  NA o r  t u r n s  x area by comparison w i t h  a c o i l  of known 
NA us ing  a f i x e d  uniform magnecic f l u x  dens i ty .  
I n t e g r a t i n g  e l e c t r o n i c  c i r c u i t s  
*A t y p i c a l  i n s t rumen t  of t h i s  type is  manufactured by the  S e n s i t i v e  
Research Instrument Corp., New Rochelle,  New York, Model FM, accuracy 
0.5 of 1%, 5 i n c h  m i r r o r  scale range,  1 0  maxwells p e r  d i v i s i o n  (10-3 
webers) (1000 t u r n  c o i l )  most s e n s i t i v e  s c a l e  t o  5 x 106 maxwells 
(50 x 102 webers) f u l l  scale ( 1  t u r n  c o i l ) ,  least sensitive scale, r 
ranges,  8" x 7 1 / 2 "  x 6" por t ab le .  Search c o i l s  of v a r i o u s  areas 
a v a i l a b l e .  
**A t y p i c a l  i n s t rumen t  of t h i s  t ype  i s  manufactured by Magnetmetrics, 
O.S. Walker Co., Worcester, Mass., Model MF-1, u t i l i z e s  a chopper 
s t a b i l i z e d  o p e r a t i o n a l  i n t e g r a t o r ,  accuracy 5 2 % ,  6 i nch  s c a l e ,  range 
lo5 maxwells f u l l  scale (most s e n s i t i v e ) ,  t o  107 maxwells 3 ranges can 
be d i r e c t l y  set f o r  v a r i o u s  sea rch  c o i l  NA. 
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A second type of f l u x  measuring dev ice  us ing  a moving c o i l  i s  
one i n  which t h e  c o i l  i s  r a p i d l y  r o t a t e d  along a diameter s o  t h a t  t h e  
p l ane  of the c o i l  i s  cont inuously changing i t s  ang le  t o  t h e  magnetic 
f l u x .  
- 
The f l u x  pass ing  through the c o i l  when i t s  p lane  i s  a t  an  ang le  
@ t o  t h e  d i r e c t i o n  of the f l u x  is: 
where A is t h e  c o i l  area: d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  t i m e  
df3 3 = - BA s i n  - 
d t  d t  
where dO/dt i s  t h e  angu la r  v e l o c i t y  of r o t a t i o n .  
For N t u r n s  of t h e  c o i l  t h e  induced v o l t a g e  i s  then: 
i f  w e  l e t  M = - de 
d t  
0 = .ut and V = BNA w s i n  w t  
The angular  v e l o c i t y  w is  known and f i x e d  a s  is  the product  
NA, hence 
V = Bk s i n  w t  
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where k is  a cons t an t  of t h e  instrument  and t h e  v o l t a g e  generated i s  
an a l t e r n a t i n g  s i n u s o i d a l  v o l t a g e  whose magnitude i s  p r o p o r t i o n a l  t o  t h e  
f l u x  d e n s i t y  B. 
of s e n s i t i v e  A.C. vol tmeters* o r  i t s  amplitude observed on an o s c i l l o -  
scope. 
This  v o l t a g e  may be measured by any number of k inds  
To show t h e  magnitude of t h e  v o l t a g e  generated w e  g i v e  t h e  
fol lowing example: 
l e t  
N = 100 t u r n s  
A = 1 cm2 = 10 -4 2 m 
Speed of r o t a t i o n  1200 rpm = 20 r e v / s e c  
w = 21~/60 x 1200 = 125.7 r a d / s e c  
B = 1000 gauss = 0.1 webers/m 2 
then 
V = BNA w s i n  w t  
V = (1000) (100) (1) (125.7) s i n  (125.7t)  
8 
= (0 .1257~10 ) s i n  ut ab-vol ts  (CGS,EMU) 
o r  
-V = (0.1) (100) (125.7) s i n  (125.7t) 
= 0.1257 s i n  (125.7t) v o l t s  (MKS p r a c t i c a l )  
o r  a 20 cyc le  wave of approximately 1/8 v o l t  peak amplitude o r  .0889 
v o l t s  Ems. 
Various mod i f i ca t ions  of t h e s e  b a s i c  instruments  are p o s s i b l e  
and a v a i l a b l e ,  such as d i f f e r e n t i a l  o r  f lux-gradient  u t i l i z i n g  two s i m -  
i l a r  c o i l s  spaced a known d i s t a n c e  apar t  and an a x i a l  f i e l d  design having 
two c o i l s  r o t a t i n g  a t  r i g h t  ang le s  t o  each o t h e r  f o r  measuring two r i g h t  
angle  f l u x  components. 
*A t y p i c a l  i n s t rumen t  of t h i s  type i s  manufactured by t h e  Rawson Elec- 
t r i c a l  Instrument Co., Cambridge, Mass., Model 822 (o the r  models avail- 
f o r  d i f f e r e n t  r anges ) ,  accuracy may b e  a d j u s t e d  t o  + 0.1% o r  + 0.05 
gausses  probe d i a .  3/4", l e n g t h  19", range 0-1000 gyusses, s e n s i t i v i t y  
lowest  range 0.1 gauss /d iv i s ion .  
reading o r  as n u l l  balance w i t h  g r e a t e r  s e n s i t i v i t y .  C a l i b r a t i o n  mag- 
n e t s  a v a i l a b l e .  
Instrument can be used as d i r e c t  
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The H a l l  e f f e c t  (discovered by E. W. Hall  i n  1879) magnetic 
f l u x  d e n s i t y  d e t e c t o r  i s  based on t h e  b a s i c  p r i n c i p l e  t h a t  a moving 
charge i n  a magnetic f i e l d  experiences a f o r c e  pe rpend icu la r  both t o  
t h e  d i r e c t i o n  of motion and t o  t h e  d i r e c t i o n  of the f i e l d .  The f o r c e  
is  p r o p o r t i o n a l  t o  t h e  charge,  the v e l o c i t y  and the f l u x  dens i ty .  
c u r r e n t  flows through a s l a b  of semiconductor material (see f i g u r e )  
When 
(indium a r s e n i d e ,  indium antimonide, bismuth, germanium, e t c . )  t h i s  
f o r c e  on the e l e c t r o n s  i n  t h e  c u r r e n t  pushes these e l e c t r o n s  towards 
t h e  edge u n t i l  an equ i l ib r ium cond i t ion  i s  obtained. 
t a i n e d  i s  p r o p o r t i o n a l  t o  t h e  c u r r e n t ,  t h i c k n e s s  ( t)  and f l u x  d e n s i t y  
The p o t e n t i a l  ob- 
through the  slab. 
1 
r 
The simple theory r e l a t i o n s h i p  found is: 
IB = K -  
' H a l l  t 
where K i s  t h e  H a l l  cons t an t .  
Without going i n t o  a h o s t  of complicat ions w e  f i n d  that f o r  
mixed u n i t s  t h e  o r d e r  of magnitude of t h e  v o l t a g e  is  about 0.1 vo l t  f o r  
- 1 2 4  - 
4 2 a f i e l d  of 10 gauss  (1 weber/m ) f o r  a c u r r e n t  of 0 .1  ampere and a 
th i ckness  of s l a b  about one millimeter. I n  o r d e r  t o  make a p r a c t i c a l  
instrument  many d i s t u r b i n g  f a c t o r s  must be overcome. Temperature coef- 
f i c i e n t ,  p r e c i s i o n  of l o c a t i o n  of c o n t a c t s ,  r e s i s t a n c e  of t h e  v o l t a g e  
d e t e c t o r ,  h e a t  l o s s ,  s i z e  and shape of t h e  s l a b ,  i n t e r n a l  r e s i s t a n c e ,  
f l u x  d e n s i t y  which is  a f u n c t i o n  of t h e  magnetic f i e l d  concen t r a to r s  
and cho ice  of material are some of t h e s e  f a c t o r s  which have t o  be suc- 
c e s s f u l l y  chosen t o  make p r a c t i c a l  o p e r a t i n g  instruments .  
One g r e a t  advantage of t h e  H a l l  probe i s  t h e  very s m a l l  s i z e  
i n  which t h e  probe can b e  made. This  is  extremely u s e f u l  f o r  o b t a i n i n g  
good r e s o l u t i o n  of t h e  changes i n  f l u x  d e n s i t y  i n  a s m a l l  region. 
probe s i z e s  are i n  t h e  range of one-half t o  one and one-half m i l l i m e t e r s  
t h i c k  by two t o  10 m i l l i m e t e r s  wide by one t o  two cen t ime te r s  long. 
S p e c i a l  probes can be made even smaller, b u t  are g e n e r a l l y  less s e n s i t i v e .  
Another advantage i s  t h a t  H a l l  d e t e c t o r s  can measure f l u c t u a t i n g  magnetic 
f l u x e s  up t o  f r equenc ie s  of t h e  o r d e r  of one-half megahertz w i t h  t h e  
proper  v o l t a g e  sensing equipment. Many companies supply e i t h e r  o r  b o t h  
H a l l  probes and a u x i l l i a r y  measuring equipment and many models and ranges 
are a v a i l a b l e  each as b a t t e r y  operated models and f l u x  g r a d i e n t  probes.* 
Typ ica l  
The F1 ux-Gate Magnetometer 
This  device f o r  measuring magnetic f l u x  is  based on t h e  t r a n s -  
former p r i n c i p l e ( 2 ) .  The sens ing  dev ice  c o n s i s t s  of two h i g h l y  permeable 
co res  of magnetic materials, placed p a r a l l e l  t o  each o t h e r ,  (some u n i t s  
*Two such t y p i c a l  instruments  are: 
B e l l ,  Inc . ,  Columbus, Ohio, model 240 Incremental  Gaussmeter. Direct 
reading on 1 2  ranges from 0.1 gauss (10-5 w/m2) t o  30,000 ( 3  w/m2) 
f u l l  scale. Accuracy 1% of f u l l  scale. Synchronous modulation and 
demodulation a m p l i f i e r  system. Zero suppres s ion  t o  1 4  x l o3  gauss  t o  
enab le  d i f f e r e n t i a l  measurements t o  be made (accuracy 1% t o  5%) ,  
v a r i o u s  t y p i c a l  small probes and c a l i b r a t i o n  magnets a v a i l a b l e .  
Radio Frequency Labora to r i e s  (RFL) Boonton, New J e r s e y ,  Model 1965 
Unive r sa l  Gaussmeter, Direct reading on 16 ranges from 0.1 gauss 
(10-5 w.'m2) t o  l o 4  gauss ( 1  w / m 2 ) ,  accuracy + 3% of f u l l  scale d i r e c t  
r ead ing ,  5 1% wi th  c a l i b r a t i o n .  
va r ious  s c a l e  expansion and suppression b u i l t  i n  measures s t a t i c  and 
AC f i e l d s  20 Hz t o  400 Hz va r ious , sma l l  probes and r e fe rence  magnets 
a v a i l a b l e .  
Ba t t e ry  o p e r a t i o n  op t ion  b u i l t  i n ,  
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u s e  a t o r o i d a l  r i n g  of material) on each of which is  wound two windings, 
a primary and a secondary. I n  one c o n f i g u r a t i o n ,  t h e  p r i m a r i e s  are con- 
nec ted  series-opposing and t h e  secondar i e s  s e r i e s -a id ing .  
When an e x c i t i n g  c u r r e n t  of some low frequency, s ay  20 Hz t o  
20 KHz i s  f e d  t o  t h e  p r i m a r i e s ,  the v o l t a g e  induced i n  t h e  secondar i e s  i s  
zero wi th  zero e x t e r n a l  B f i e l d  because of t h e  c a n c e l l a t i o n  due t o  t h e  
o p p o s i t e  phase. 
an unbalance i n  f l u x  i n  t h e  c o r e s  occurs.  
a f l u x  i n  t h e  c o r e s  which a d d s . t o  t h a t  produced by the  primary i n  one 
rod and s u b t r a c t s  i n  t h e  o t h e r .  Due t o  t h e  extreme non- l inea r i ty  of t h e  
pe rmeab i l i t y  of t h e s e  co res  wi th  r e s p e c t  t o  t h e  f l u x  d e n s i t y  i n  them, 
a v o l t a g e  i s  generated i n  one secondary which i s  n o t  balanced by t h a t  
i n  t h e  o the r .  This  d i f f e r e n c e  o r  unbalanced n e t  v o l t a g e  from t h e  two 
secondar i e s  i s  p r o p o r t i o n a l  t o  the  e x t e r n a l  f l u x  d e n s i t y  B and i s  of a 
frequency twice t h a t  of t h e  d r i v i n g  frequency. The amplitude of t h i s  
second harmonic i s  t h e n  a measure of t h e  e x t e r n a l  magnetic f l u x  dens i ty .  
When a cons t an t  f l u x  from an e x t e r n a l  f i e l d  i s  app l i ed ,  
The e x t e r n a l  f i e l d  produces 
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S u i t a b l e  e l e c t r o n i c  c i r e u f t s  are used t o  amplify,  f i l t e r  and 
phase d e f e c t  t h i s  s i g n a l  which can then be displayed as a meter ind ica -  
t ion.* 
I n  some f l u x  g a t e  t r ans fo rmers ,  a d d i t i o n a l  winding6 are placed 
on t h e  co res .  A s t eady  c u r r e n t  may b e  passed through t h e s e  windings t o  
produce a f l u x  which cance l s  t h e  f l u x  produced i n  t h e  rods  by t h e  e x t e r n a l  
f i e l d .  These d e t e c t o r s  may then  be used as d i f f e r e n t i a l - f l u x  measuring 
devices  and/or  as a means of expanding t h e  s c a l e  i n  t h e  r eg ion  of i n t e r e s t .  
These instruments  are q u i t e  s t a b l e  and can be made highly 
-4 s e n s i t i v e .  Commercial i n s t rumen t s  are a v a i l a b l e  which w i l l  read t o  10  
gauss 
f o r  geomagnetic and space surveys w i t h  s e n s i t i v i t i e s  several o r d e r s  of 
magnitude g r e a t e r .  I n  gene ra l ,  t h e  probes are f a i r l y  l a r g e  i n  s i z e  an  
i t  i s  impossible  t o  use  a probe two i n c h e s  long t o  measure t h e  f l u x  
d i s t r i b u t i o n  i n  a r eg ion  say  4 inches long. 
t h i s  i s  no problem, b u t  f o r  many l a b o r a t o r y  experiments t h i s  drawback 
may p r o h i b i t  t h e  use  of t h i s  type instrument .  
2 weber/m ) f u l l  s c a l e  and special  instruments  have been made 
For f i e l d s  of l a r g e  e x t e n t  
The above techniques are t h e  most common and u s e f u l  methods f o r  
determining t h e  magnitude, g r a d i e n t  and d i r e c t i o n  of magnetic f i e l d s  
which might be used f o r  Biomagnetics experiments. 
*Typical i n s t rumen t s  of t h i s  t ype  are: 
.- 
Fgrster/Hoover E l e c t r o n i c s ,  Inc. ,  Ann Arbor, Michigan, Magnetometer 
Type MF-5050 t e n  ranges,  10-3 gauss (10-7 w/m2) t o  1 gauss (10-4 w/m2> 
f u l l  scale w i t h  a f a c t o r  of 10 i n c r e a s e  s e n s i t i v i t y  switch.  
s e m i c a l i b r a t i o n  and compensation o r  zero suppression up t o  1 gauss 
(10-4 w/m2) on any range. C a l i b r a t i o n  accuracy + 1% on t h e  4 decade 
ranges.  AC f i e l d s  can 
be monitored v ia  scope j ack .  
Gamat ron ix  Inc. ,  Dublin, Ohio, Model 110 Magnetometer, f i v e  ranges 
10-2 gauss (10-6 w/m2) t o  1 gauss (10-4 w/m2), L i n e a r i t y  2% of f u l l  
scale,  accuracy no t  s t a t e d .  Probe 1" d i a .  x 7 1 / 2 "  long,  s o l i d  state 
c i r c u i t s .  Low c o s t ,  small s i z e .  
Magnaflux Corp., New York, New York, Model FM-204, ranges 10, gauss 
(10-7 w/m2), f u l l  scale,  most s e n s i t i v e  range. 
scale,  long term s t a b i l i t y  10-5 gauss. Smallest  probe 2"-1ong x 1/4" x 
1/4". Speed of response .01 seconds. A.C. f i e l d s  may be monitored v i a  
scope j ack .  Other probes f o r  g r a d i e n t ,  etc.,  a v a i l a b l e .  
I n t e r n a l  
Standard probe s i z e  approx. 2 1 / 2 "  x l'l-dia. 
Accuracy + 1% f o  f u l l  
- 1 2 7  - 
Miscellaneous Methods 
Movement o f  Small Magnets 
Almost any magnetic phenomena can be used t o  measure the  f l u x  
d e n s i t y  of magnetic f i e l d s . ,  A simple small compass can be used t o  i n d i -  
c a t e  t h e  f i e l d  d i r e c t i o n ,  the needle  a l i g n i n g  i t s e l f  w i t h  t h e  d i r e c t i o n  
of t h e  f i e l d  w i t h  the geographic n o r t h  seeking end of t h e  needle  po in t -  
i ng  toward t h e  sou th  p o l e  of t h e  magnetic f i e l d .  It i s  t h e  convention 
t o  say  t h a t  t h e  sense  of t h e  d i r e c t i o n  of a magnetic f i e l d  i s  from t h e  
no r th  magnetic p o l e  towards t h e  south magnetic pole .  I f  a s p r i n g  is  at- 
tached t o  t h e  compass need le  which w i l l  r e s t o r e  i t  t o  an equ i l ib r ium 
p o s i t i o n  wi th  r e s p e c t  t o  a f i d u c i a l  mark i n  t h e  absence of any e x t e r n a l  
f i e l d ,  then t h e  angu la r  d e f l e c t i o n  of t h e  n e e d l e  when placed pe rpend icu la r  
t o  an e x t e r n a l  f i e l d  can be used as a measure of the magnitude and d i r ec -  
t i o n  of t h e  f l u x  d e n s i t y  of t h e  f i e l d .  
r e p u l s i o n )  of a small magnet a c t i n g  a g a i n s t  a s p r i n g  (o r  g r a v i t y )  has a l s o  
been used t o  measure t h e  s t r e n g t h  of magnets. 
i n s t rumen t s  of no t  very g r e a t  accuracy o r  s e n s i t i v i t y  have been made 
using these  p r i n c i p l e s .  
The f o r c e  of a t t r a c t i o n  ( o r  
Simple s p e c i a l  purpose 
Other i n s t rumen t s  have been based on t h e  change i n  r e s i s t a n c e  
of c e r t a i n  conductors o r  semiconductors when placed i n  a magnetic 
& C IO I S  i o  as 30 st 40 
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3 
f i e l d . *  The r e s i s t a n c e  curve i s  no t  l i n e a r  except above about 2 x 1 0  
z gauss  (0.2 webers/m ) ( l i n e a r i t y  is approximately 1% above t h i s  v a l u e ) .  
The approximate c h a r a c t e r i s t i c  i s  shown on t h e  preceding page. 
These u n i t s  are q u i t e  small--on t h e  o rde r  of a few m i l l i m e t e r s  
squa re  by a f r a c t i o n  of a m i l l i m e t e r  t h i c k  and w i l l  respond t o  f r equenc ie s  
as h igh  as one megahertz and can be used from cryogenic temperatures  (4.2'K) 
up t o  100'C. 
of r e s i s t a n c e  0.4% p e r  'C. 
may be used t o  measure the r e s i s t a n c e  o r  d i r e c t  reading r e s i s t a n c e  
c i r c u i t s  may p rov ide  a readout  d i r e c t l y  i n  f l u x  densi ty .  Accurate 
c a l i b r a t i o n  is requ i r ed  a t  any f l u x  d e n s i t y  a t  which t h i s  dev ice  i s  t o  
be used and e s p e c i a l l y  a t  va lues  below t h e  l i n e a r  range. 
are a v a i l a b l e  on r e p e a t a b i l i t y ,  b u t  t h i s  is  presumably good. 
A disadvantage is t h e  r a t h e r  high temperature c o e f f i c i e n t  
Conventional r e s i s t a n c e  b r i d g e  c i r c u i t s  
No f i g u r e s  
The Magnetodiode 
A new device c a l l e d  t h e  Sony Magnetodiode**(SMD)(3) is a 
magnetosensi t ive,  semiconductor dev ice  of germanium o r  s i l i c o n  which 
works on t h e  p r i n c i p l e  of c o n t r o l l e d  l i f e t i m e  of i n j e c t e d  c a r r i e r s  by 
an e x t e r n a l  magnetic f i e l d .  It i s  h i g h l y  s e n s i t i v e  t o  magnetic f i e l d s ,  
-5 2 b u t  i s  l i m i t e d  by n o i s e  a t  about 0.1 gauss (10 w/m ). A t y p i c a l  u n i t  
is  made i n  t h e  form of a small block of i n t r i n s i c  germanium 3 x 0.6 x 
0 . 4  mm. The u n i t s  are diodes and have t y p i c a l  diode c h a r a c t e r i s t i c s  
as shown on t h e  next  page. 
*A t y p i c a l  example of t h i s  instrument  i s  a senso r  b u i l t  by American 
Aerospace Con t ro l s  Inc. ,  Farmingdale, New York. The MISTOR Model 
MR-A. Various models ranging i n  r e s i s t a n c e  from one t o  5000 ohms a t  
ze ro  f l u x  d e n s i t y ,  
squa re  x 0.2 rnm t h i ck .  
Information on t h i s  dev ice  from SONY d a t a  s h e e t s .  Sony co rpora t ion  
Tokyo, Japan. 
S i z e s  1 1/2mm squa re  by 0 . l m  t h i c k  t o  1 cm 
Accuracy f i g u r e s  a r e  no t  given. 
**Invention of Toshiyuki Yamada of SONY Corporation r e s e a r c h  l abora to ry .  
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I "  
Curve ( a )  shows t h e  c u r r e n t  I f o r  a given app l i ed  v o l t a g e  V when t h e  
t r a n s v e r s e  magnetic f l u x  i s  zero. 
d i r e c t i o n  (designated B+) the  c u r r e n t  w i l l  i n c r e a s e  t o  I when t h e  same 
f i e l d  is app l i ed  i n  t h e  oppos i t e  s ense  t h e  c u r r e n t  w i l l  decrease t o  I 
The 'vol tage-f lux c h a r a c t e r i s t i c  i n  a simple c i r c u i t  i s  shown i n  t h e  
nex t  f i g u r e .  
a' a' 
When a f i e l d  B is app l i ed  i n  one 
C '  
b' 
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2 The . r e sponse  of t h e s e  diodes i s  l i n e a r  up t o  about 500 gauss (.05 w/m ) 
f l u x  d e n s i t y  and g radua l ly  s a t u r a t e s  beyond t h i s  po in t .  
i s  e q u i v a l e n t  t o  about 5 x 10 
c u r a t e  measurement of f l u x  d e n s i t i e s  t o  v a l u e s  somewhat h ighe r  than t h i s  
v a l u e  without  t h e  use of f l u x  concen t r a to r s .  Flux concen t r a to r s ,  es- 
s e n t i a l l y  po le  p i eces  of high pe rmeab i l i t y  material designed t o  i n c r e a s e  
t h e  f l u x  d e n s i t y  through t h e  s e n s i t i v e  diode, w i l l  a l low e x t e r n a l  . 
f i e l d s  as low as 
quency response is  e x c e l l e n t  t h e r e  being p r a c t i c a l l y  no change from 
d.c. o r  s t a t i c  f i e l d s  up t o  about 2000 h e r t z  and down by a f a c t o r  o f  2 
a t  about  10,000 h e r t z .  
ob ta ined  up t o  100 KHz. Temperature dependence is  a f u n c t i o n  of t h e  
The n o i s e  level  
-2 2 gauss (5 x loe6 w/m ) which l i m i t s  ac- 
2 gauss  (lo-' w/m ) t o  be measured l i n e a r l y .  Fre- 
F l a t  response i n  s p e c i a l  s m a l l  samples has been 
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material and t h e  dimensions; w i th  a s u i t a b l e  cho ice  i t  can be made 
n e a r l y  independent (about 2 5%) of temperature  from -10" C t o  50" C.  
This  dev ice  is u s e f u l  i n  a p p l i c a t i o n s  n o t  r e q u i r i n g  the  h igh  
accuracy and p r e c i s i o n  of H a l l  devices  nor t h e  h igh  l i n e a r i t y  ( a t  h igh  
f l u x  d e n s i t i e s )  of t h e  magne to res i s t i ve  devices .  
very simple c i r c u i t s .  It  is a v a i l a b l e  i n  d u a l  u n i t s  which are u s e f u l  
i n  c a n c e l l i n g  temperature  dependence. 
v i t y  may be g iven  as about  1 v o l t  p e r  mill iamp-kilogauss which is  some 
two t o  fou r  o r d e r s  of magnitude more s e n s i t i v e  than  Hal l  devices .  
It can be ope ra t ed  i n  
I n  a b r i d g e  c i r c u i t  i t s  s e n s i t i -  
A t  t he  p r e s e n t  t i m e  no instruments  are being manufactured 
u t i l i z i n g  t h e s e  magnetodiodes. I would expect ,  however, t h a t  i n  t h e  nea r  
f u t u r e  enough expe r i ence  w i l l  have been ob ta ined  w i t h  them t h a t  small 
r e l a t i v e l y  low p r i c e d  instruments  w i l l  be introduced.  They should b e  
q u i t e  u s e f u l  f o r  mapping f i e l d s  because of t h e  s m a l l  probe s i z e .  
w i th  reasonable  f l u x  concen t r a to r s  t h e  probe s i z e  w i l l  probably be 
less than  1 c m  d i a  x 2 cm long,  
Even 
Measurement o f  A.C. Fields 
If the  magnetic f i e l d  magnitude we wish t o  measure i s  not 
s t eady  w i t h  t i m e  b u t  i s  r e g u l a r l y  f l u c t u a t i n g  w i t h  we have a somewhat 
easier job.  
energized by a 60 c y c l e  c u r r e n t  which reverses i ts  d i r e c t i o n  60 t i m e s  
p e r  second. 
L e t  us assume w e  have a c y l i n d r i c a l  c o i l  of w i r e  i n  a i r  
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The f l u x  and f l u x  d e n s i t y  magnitude fo l low t h e  c u r r e n t  e x a c t l y  i n  phase 
and are p r o p o r t i o n a l  i n  amplitude. When t h e  c u r r e n t  reverses, t h e  
magnetic f l u x  d i r e c t i o n  r eve r ses .  When t h e  c u r r e n t  goes t o  zero,  t h e  
f l u x  d e n s i t y  goes t o  zero. Suppose w e  now p u t  a small s t a t i o n a r y  s e a r c h  
c o i l  of N t u r n s  and area A i n  a p a r t  of t h e  f i e l d  where t h e  f l u x  d e n s i t y  
i s  B. Then w i t h  t h e  fol lowing equa t ion  w e  f i n d ,  
d$ 
d t  V = - N - (CGS and MKS) 
Now t h e  c u r r e n t  can be r ep resen ted  as 
s i n  u t  = I s i n  (27rft) Imax max I =  
The f l u x  d e n s i t y  i s  p r o p o r t i o n a l  t o  t h e  c u r r e n t  so: 
B = B s i n  ( 2 n f t )  max 
The f l u x  through t h e  sea rch  c o i l  i s  
$ = AB = AB s i n  (27rft) max 
d i f f e r e n t i a t i n g  
and t h e  v o l t a g e  a t  t h e  
v = -  
I f  t h i s  c o s i n e  wave i s  
9 =  2lTf cos (2Tft)  d t  ABmax 
t e rmina l s  of t h e  sea rch  c o i l  w i l l  be 
N = - NA B 27rf cos  (27rft) 
observed on a c a l i b r a t e d  o s c i l l o s c o p e  t h e  maxi- 
d t  max 
mum v o l t a g e  from zero t o  peak may be measured and w i l l  be p r o p o r t i o n a l  
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L e t  us  p u t  i n  some t y p i c a l  va lues  f o r  t h e  v a r i o u s  components: 
= 5 c m 2 = 5 x 1 0  -4 m 2 
* c o i l  
N = 100 t u r n s  
B = 500 gauss = .05 w/m 




V = - NA B 21~f COS ( 2 1 ~ f t )  max 
v = -(100)(5) (500) (377) cos  (377t) V = - ( loo )  ( ~ x ~ O - ~ I  (.05) (377) cos  (377t)  
(CGS) (MKS 1 
V = 0.963 cos (377t) v o l t s  8 V = - 0.963 x 10 cos (377t) emu v o l t s  
(MKS 1 o r  ab v o l t s  
(CGS 1 
Thus w e  f i n d  t h a t  w e  o b t a i n  approximately 1 v o l t  zero t o  peak d e f l e c t i o n  
on t h e  o s c i l l o s c o p e  trace. 
I f  w e  had measured t h i s  v o l t a g e  w i t h  a high impedance AC v o l t -  
meter reading r m s  v o l t s  ( a s  most a.c. meters do) w e  would have ob ta ined  
0 . 9 6 3 / f i  rms v o l t s  equa l s  0.682 rms v o l t s .  
waveform t h e  zero t o  peak vo l t age  i s  r e l a t e d  t o  t h e  r o o t  mean squa re  
(rms) v o l t a g e  as fi V (rrns) = V ( ze ro  t o  peak). This  method is an ex- 
tremely s i m p l e  and a c c u r a t e  way of measuring a l t e r n a t i n g  magnetic f l u x  
d e n s i t i e s  which are n o t  too small. 
Since f o r  a s i n e  ( o r  cos ine )  
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The H a l l  e f f e c t  dev ice ,  t he  magne to res i s to r  and t h e  magneto- 
diode ( i f  they are energized by a s t eady  dc c u r r e n t )  a r e  s u i t a b l e  f o r  
measuring r e g u l a r l y  f l u c t u a t i n g  magnetic f i e l d s .  I n  some ins t rumen t s  
t h e s e  devices  are energized by p u l s a t i n g  o r  h i g h  frequency a l t e r n a t i n g  
c u r r e n t s ,  i n  which case  some d i f f i c u l t y  may b e  encountered w i t h  them i n  
measuring f l u c t u a t i n g  magnetic f i e l d s ,  e s p e c i a l l y  i f  t h e  frequency of 
t h e  f i e l d  i s  c l o s e  t o  t h e  frequency of t h e  ene rg iz ing  c u r r e n t .  
The u s e  of low frequency c u r r e n t s  t o  measure and map t h e  f i e l d s  
of c o i l s  such as Helmholtz, Reubens, Barker, etc., intended t o  be used 
w i t h  dc c u r r e n t s  i s  sometimes u s e f u l .  I f  t h e  d i s t r i b u t e d  c a p a c i t y  of t h e  
c o i l  i s  s m a l l  (and t h i s  w i l l  be t r u e  f o r  many f i e l d  c o i l s  - see ( 4 )  and 
(5) )  w e  may ene rg ize  t h e  c o i l  w i th  a low frequency a l t e r n a t i n g  c u r r e n t  
whose peak va lue  i s  on t h e  o r d e r  of t h e  va lue  of t h e  d.c. c u r r e n t  w e  
e v e n t u a l l y  wish t o  use. I f  t h e  f i e l d  i s  measured by a s m a l l  pickup c o i l  
as j u s t  descr ibed w e  have a measure of t h e  f l u x  d e n s i t y  t h a t  would be 
produced by t h e  d i r e c t  c u r r e n t .  For example, l e t  us assume t h e  fol lowing 
v a l u e s  f o r  a f i e l d  producing c o i l .  
a = 50 cm = 0.5 rn r a d i u s  of c o i l  
1 = 10 c m  = 0.1 m l e n g t h  of c o i l  
f = 1000 h e r t z  
n = 100 t u r n s  
I = 0.5 ab amperes = 5 amperes 
= 4Tr 
Then the. f l u x  d e n s i t y  a t  
by 
(CGS) 
2 ~ r I n  
a 
B = -  
b/m 
t h e  c e n t e r  of t h e  c o i l  is given approximately 
4Tr x lo-’ (5) (100) 
2(0.5) B =  
(6.28) (0.5) (100) 
50 B =  
-4 2 = 6.28 gauss = 6.28 x 10 w/m 
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(5 1 The inductance o f  a c o i l  of t h i s  s i z e  is approximately given by 
where 
2 2  
a K micro henrys i n  
mixed u n i t s  b 
L =  
a = r a d i u s  c m  
n = number of t u r n s  
b = l eng th  c m  
K = 0.2 approx, f o r  t h i s  a / b  r a t i o  
An estimate of t he  s e l f  capac i t ance  is  given by 
Co = HD micro microfarads 
i n  mixed u n i t s  
where 
D = 2a = d i a .  c o i l  i n  cm 
H = 0.7 approx. f o r  t h i s  b / a  r a t i o  
Co = (0.7)(100) = 70 ppfds. 
-11 
= 7 x 10 . f a r a d s  
The'frequency r e q u i r e d  t o  r e sona te  t h i s  combination of L and C is  
1 1 1 1 3  
Lc 2x10-2.x7x10-11 1 4  
= - x 1 0  w 2  = - =  
1 0  w2 = 7 1  x 10 
5 w = 8.4 x 10 r ad / sec  
f = 134,000 h e r t z  
1 
20 So t h a t  f o r  any frequency say on t h e  o r d e r  of - of t h i s  frequency o r  
less, t h e  d i s t r i b u t e d  c a p a c i t y  may be neg lec t ed ,  hence a t  1000 c y c l e s  
w e  can s a y  t h e  s e l f  c a p a c i t y  is n e g l i g i b l e .  
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I f  we now assume a t e s t i n g  c i r c u i t  as fol lows:  
e 





e = E s i n  2 v f t  ( v o l t s )  (low r e s i s t a n c e  gene ra to r )  
% = t e s t  r e s i s t a n c e  (ohms) 
L = industance of c o i l  (henry) 
max 
% = r e s i s t a n c e  of c o i l  (ohms) 
R = R  + T %  
-1 WL sin2vf t Emax - Emax ang le  + = t a n  (r) sin2vf  t - 2 2 2  
Z ( R + w L )  
- - i =  
s i n  (2vft-$) max Z 
E 
I 
i = -  2 2 2  + w L whe're Z2 = R 
The v o l t a g e  a c r o s s  t h e  test r e s i s t o r  % i s  then: 
- %  s i n  (hrf t -$)  e % = L % = - E  A rnax 
This v o l t a g e  is  i n  phase wi th  and p r o p o r t i o n a l  t o  t h e  c u r r e n t  through L. 
It is  the  c u r r e n t  through L which produces t h e  f i e l d  i n  t h e  r eg ion  of 
L s o  t h a t  t he  f i e l d  w i l l  then be p r o p o r t i o n a l  t o  t h i s  v o l t a g e  e which 
i n  t u r n  is  p r o p o r t i o n a l  t o  E By measuring t h e  peak va lue  of e 
RT 
RT max' 
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and d i v i d i n g  by % w e  then  have a measure of E w e  o b t a i n  
which on comparing t o  7 above w e  see i s  t h e  peak va lue  of i o r  i 




This  w i l l  g ive  t h e  peak va lue  of B and may be used i n ,  
2~ i N max = 
max a B 
i N  
'0 max B =  max 2a 
Using t h e  same s m a l l  test  c o i l  as i n  t h e  previous example 
~ = 5 c m ~ = 5 x 1 0  -4 m2 
N = 100 t u r n s  
B = 6.28 gauss = 6.28 x 1 0  w/m 
f = 1000 h e r t z  
-4 2 
max 
w e  f i n d  f o r  V = - NA B 2~rf  cos (2.rrft-9) max 
3 3 V = - ( loo)  (5) (6.28) ( 6 . 2 8 ~ 1 0  ) COS ( 6 . 2 8 ~ 1 0  -9) (CGS) 
3 3 V = - (100) ( S X ~ O - ~ )  ( 6 . 2 8 ~ 1 0 - ~ )  ( 6 . 2 8 ~ 1 0  ) cos ( 6 . 2 8 ~ 1 0  -@) (MKS) 
V = 1.97 x 10 ab-vol ts  (CGS) peak a t  c e n t e r  of f i e l d  c o i l  max 
= 0.197 v o l t s  (MKS) peak a t  c e n t e r  of f i e l d  c o i l .  'max 
7 
Thus, w e  f i n d  t h a t  by us ing  a thousand cyc le  energizing c u r r e n t  
f o r  t h e  f i e l d  c o i l  w e  can o b t a i n  wi th  a simple t es t  c o i l  a r easonab le  
v o l t a g e  f o r  even a s m a l l  f l u x  d e n s i t y  i n  t h e  f i e l d  c o i l .  Every measure- 
ment made of t h e  f l u x  d e n s i t y  wi th  t h e  a l t e r n a t i n g  f i e l d  w i l l  be e x a c t l y  
equa l  t o  t h e  f i e l d  which w i l l  e x i s t  when the  peak a l t e r n a t i n g  c u r r e n t  is  
replaced by a s t e a d y  d i r e c t  c u r r e n t  of t h e  same value.  Fu r the r ,  t h e  
a l t e r n a t i n g  c u r r e n t  peak va lue  can b e  simply measured by measuring t h e  
peak v o l t a g e  a c r o s s  a known r e s i s t a n c e  i n  series wi th  t h e  f i e l d  c o i l  when 
t h e  s e l f  capac i t ance  of t h e  f i e l d  c o i l  is  small. 
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I N D E X  
A. C. fields 
see Flux Meters (a. c, fields) 
used in coil measurement, 135 
Accuracy 
required biological expts., 119 









coils finite cross section, 58ff 
B, induction, flux density 
see Flux Density 
Bacteria, 4 
Ballistic galvanometer (see Flux Meters) 
Barker, J. R., 50 
figure,3 & 4 coil, 55 
ref., 6.2 
three coil, 47 
three & four coil dimension, 54 
BH (see Energy Product) 
B-H curve, 68, 6 9 ,  70, 71, 72, 75, 78 
Biot-Savart 
derivation, law, 24 
law, 18 
Blewett, J. P., 34, 62 
coil configurations, 49 
ellipsoidal coil, 48 
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Busby, D. E., 6 ,  7 
CGS see System, CGS 
Chapman 
e a r t h ' s  f i e l d  measurements, 85 
Coerc iv i ty  
f i g . ,  70 
Hc (coerc ive  f o r c e ) ,  7 1  
permanent magnet material, 67 
Co i l s  
approximations,  58 
Barker ' s ,  47  
e l l i p s o i d a l ,  48, 49 
f i n i t e  c ros s  s e c t i o n ,  58 
Helmholtz, 42, 43 
Pi t tman and Nardel ich,  49 
Ruben's, 46 
sna tch ,  r o t a t i n g ,  118 
s p e c i a l  conf igu ra t ions ,  45 
symmetric & c o i l  system, 5 1  
Compass 
Chinese, foo tnote ,  3 
Conversion of Uni t s ,  16 ,  1 7  
Correc t ion  f a c t o r s  
f o r  permanent magnets, 79 
D i e l e c t r i c  cons t an t  
abso lu t e ,  dimensions o f ,  1 3  
Dimensions 
see System, Dimensional 
Dip angle  
d e f i n i t i o n ,  86 
t a b l e ,  87 
v a r i a t i o n  i n s i d e  b u i l d i n g ,  88 
Doel l ,  91  
Dwight, H. B., 34 
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E a r t h ' s  magnetic f i e l d  
cance l ,  89 
changing, f l u c t u a t i o n s ,  85, 89, 90 
c y c l e s ,  85 
d e c l i n a t i o n ,  85 
d i p  a n g l e ,  86 
d i p  a n g l e  t a b l e ,  87 
h i s t o r y ,  87 
l o c a t i o n  of p o l e s ,  84 ,  85 
magnetic f i e l d  model (sphere,  b a r ) ,  83, 88 
r educ t ion ,  88 
r educ t ion  by s h i e l d ,  c o i l ,  88 
Electric charge ( e l e c t r o n s )  
dimensions, 1 3  
moving, 3 
produce magnetic f i e l d s ,  65, 66 
Electromotive f o r c e ,  see P o t e n t i a l  
E l l i p s o i d a l  c o i l ,  49 
EMF, see P o t e n t i a l  
End e f f e c t s  ( s ee  Sh ie lds ,  end e f f e c t s )  
Energy Product 
BH, 74 
(BH)ma, curve, 75 
max, 67 
Eshbach, 0. W., 19 
Esmarch 
end e f f e c t ,  s h i e l d s ,  112 
F s h i e l d i n g  f a c t o r  
F S t e r n ' s  equa t ion ,  94 
g S t e r n ' s  equa t ion ,  94 
s i n g l e  c y l i n d e r ,  98 
Faraday, Michael, 3 
F i e l d  
magnetic, 20 
magnetic, a long a x i s  of loop,  24 
magnetic, from Helmholtz p a i r ,  28, 29, 30, 31 
magnetic, o f f - a x i s ,  33, 35 
magnetic, on a x i s  a t  c e n t e r  of c o i l ,  26 
Fleming, 90 
- , 142  - 
Flicker Fusion, 4 
Flux concentration 
in shield cylinder, 98 
Flux density (induction), B 
B, around wire, 23 
B, at center of coil, 18 
B, axis of loop, 26. 
B, Barker 3 coil, 47 
B, center of loop, 25 
B, conversion table, units, 16 
B, dimensions, 13 
B, in solenoid, 18 
B, names, systems, 15 
B, o f f  axis general, 33 
B, regions of uniformity, Helmholtz, 42 
B, Ruben's coils, 46 
permanent magnets, 63 
uniformity, various coils, fig., 55 
uniformity, various coils, table, 54 
Flux gate 'magnetometer 
description, 118 
Flux meters, also see Magnetic Field Measurements 
a. c. fields, 132 
ballistic galvanometer, 121 
compass type, 128 
flux gate, 118, 125 
Hall effect, 124 
integrating, 121 
magnetodiode, 129 
manufacturers, see footnotes, 121, 123, 125, 127, 129 
moving coil, 119 
resistance, 128 
rotating coil, 122 
small magnets, miscl., 128 
Sony, 129 
Flux, magnetic (also see Flux Density) 
density at center of n-turn coil in air, 18 
density inside infinite solenoid, 18 
dimensions of, 13 
units of, 16 
Force 
electrostatic, 4 
magnetizing, dimensions, 13 
magnetizing, units, 16 
magnetomotive, definition, 20 
magnetomotive, dimensions, 13 
magnetomotive, units 
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Gauss 
earth's field calc., 83 
Geyer (flux gate), 139 
Gilbert, William 
De Magnete , 3 
magnetic model, 83 
Gilbert, N. R., 19 
Hadfield, D, 7, 81 
magnet theory, 65 
magnets, air gap, 80 
Hale 
suns magnetic field, 90 
Hall effect, 118 
explanation, 124 
Harnwell, G. P., 19, 139 
Hart, P. J. 
use of tables, 34, 39, 40, 41, 42, 43, 62 
Henry, Joseph , 3 
Hysteresis 
permanent magnet, 69 
Inductance 
of coil, 136, 137 
units of, 16 
Induction 
dimensions of, 13 
magnetic (also see flux density), 17, 20 
units of, 16 
Instruments, also see Magnetic Field .Measurements, 118 ff 
Iron 
alloy, 67 
soft iron, 68 
Laws 
Ampere's, 11 
Biot-Savart, 18, 24 
Coulomb's, 11, 13 
Lenz, H. F. E., 3 
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Lucretius, 3 
Magnes Lopis, 3 
Magnet materials, 63ff 
manufacturers, 81, 82 refs 
Magnetite 
model, 83 
natural magnet, 3 
Magnetomotive force, 76 
air gap, working, 80 
definition, 20 
permanent magnet, 73 
related to B, 24 
Magnetic circuit 
magnet, 75, 76 
magnetic field, 20 
Magnetic domains, 65 




60 cycle, 89 
Magnets, 64, 70 
air gap, 63 
equations, 73, 77 
length, 63 
magnetic field, 64ff 
magnetization, 81 
materials (alnico and others), 67 
permanent, 63f f 




motion, earth's, 85 
units, strength, 16 
Magnetizing force, also see magnetomotive force 
permanent magnet, 68, 72, 73 
Maxwell, James Clark, 3 
Measurements, see flux meters 
also see magnetic field measurements 
MKS, see System, MKS 
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Molypermalloy 
p rope r ty ,  94 
Moon, magnetic f i e l d ,  90 
MU ( see  pe rmeab i l i t y )  
Mu-metal, 94 
graph, pe rmeab i l i t y ,  97 
Oers ted ,  Hans C h r i s t i a n ,  3 
P e n e t r a t i o n  
f i e l d  i n t o  s h i e l d s  
see Sh ie lds ,  end e f f e c t s  
Permeabi l i ty ,  92f f 
a b s o l u t e ,  dimensions o f ,  13 
B vs. 1-1 curve,  71 
d i f f e r e n t i a l ,  69 
f u n c t i o n  of  f l u x  dens i ty ,  94, 98 
graph, mu-metal, 97 
i n i t i a l ,  69, 99 
maximum, 69 
n o t  cons t an t ,  71, 94 
of f r e e  space ,  u n i t s  o f ,  16  
Permanent magnets ( see  Magnets) 
Pi t tman,  M. E. 
c o i l  c a l c u l a t i o n s ,  49, 62 
P o t e n t i a l ,  123 
b i o l o g i c a l ,  6 
dimensions,  13 
e l ec t r i c  c i r c u i t ,  20 
formula,  18 
from c o i l s  i n  f i e l d ,  119, 120, 122,  123 
u n i t s ,  16 
Reluctance,  92 
c i r c u i t ,  20 
c i r c u i t ,  magnet, gap, 76ff 
dimensions,  13 
l a w ,  93  
u n i t s ,  16 
Protozoa,  4 
Remanence, 67 
Rotors 
a i r  gaps,  80 
r e l u c t a n c e  of  a i r  gaps,  magnets, 77ff 
- 146 - 
Ricker 
shield thickness 93 
Saturation, 71, 72 
Schweizer, F. 
concentric spherical shells, 114 
Semiconductor (also see Hall, diodes), 118 




fluctuation inside, 89 
orientation, 89 
Shields 
against earth's field, 109 
approximation calc., 115 




end effects, llOff 
end open, 111, 112 
factor F or g, 93 
graph, 113 
illumination (light pipe), 114 
length, 94, 112, 113 
mechanical configuration, 93, 110 
nest, calc., lOOff 
number, 94 
orientation, 114 
penetration field, 111, 112 
penetration, formula, 112 
scaling factor, 109 
spacing, 107 
spherical, 114, 115 
spiral, 93 
Stern's formula, 94 
thickness, 93 
varying fields, 114 
Shunting 
figure, 92 
magnetic field, 92 
Smythe, W. R. 
magnetic field calculations, 19, 34, 36 ,  37, 62 
Sony. (magneto diode), 129ff 
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Space, magnetic field in, 90 
Spacecraft, magnetic field in, 90 
Stern 
approx. to, 115 
multiple shell calculation, lOlff 
recursion formulas, 94 
single shell formula, 98 ,  99 




CGS, electromagnetic, 15 




electromagnetic, 11, 12 
electrophysical, 11, 12 
electrostatic, 11, 12 
energetical, 10, 11 
gaussian, 11, 12 
gravitational, 10 
MKS, 15 
practical, 11, 12 
physical, 10 
rationalized, non-rationalized, 16 
units, 15, 16 
Tables 
constants, various coil configurations, 54 
dimension em and pract., 13 
dimension, system, 10 
earth's field, various locations 
equations , physical laws, 18 
field, Helmholtz pair, 29 
field uniformity, Barker 3 coil, 48 
field uniformity, Helmholtz pair, 42 
fundamental quantities, 11 
MKS pract., CGS em, conversion, 16 
shielding factor, various shell spacings, 107 
units - 5 systems, 15 
Teasdale 
field penetration, 111 
Thomas & Skinner 
design manual, 80 
Toroidal, 67, 71 
Units 
see System, units 
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Vol t s  (vo l t age )  (see P o t e n t i a l )  
Wadey, 98, 100, 115 
end e f f e c t s ,  112 
f i e l d ,  p e n e t r a t i o n ,  112 
s c a l i n g  s h i e l d s ,  109 
vary ing  f i e l d s ,  1 1 4  
Waidelich,  D. L. ,  49, 62 
W i l l s  
approximation formulas ,  115 
s h i e l d i n g  f a c t o r  - s i n g l e  s h i e l d ,  99 
Wolff, N., 42, 62 
Yamada (Sony d iode) ,  129, 139 
p ( see  pe rmeab i l i t y )  
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